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A Monoidal Structure for the Fukaya Category

Abstract

Homological mirror symmetry relates Fukaya categories of certain symplectic
spaces to derived categories of coherent sheaves of certain "dual” algebraic spaces. In
this work we study the analogue in symplectic geometry of the structure given by the
tensor product on the derived category of coherent sheaves, and thé symplectic tech-
niques necessary for its definition. We use the theory of triangulated categories with
tensor structure to propose that one may think of homological mirror symmetry as
the study of how the geometries of certain symplectic manifolds induce natural tensor
product structures on their Fukaya categories. This is also the main motivation for
this work.

We show that for a Lagrangian torus fibration with a distinguished Lagrangian
section, which is the classical setting for mirror symmetry, theré exists; a naturél
monoidai structure on a category closely related to the Fukaya category, induced by
the group structure on the toric fibers. Having defined the monoidal structure we
show that for a mirror pair of elliptic curves, the tensor product can be defined for
a version of the Fukaya category used in the proof of homological mirror symmetry
for elliptic curves, and that with this tensor structure it will be exactly mirror to the

derived category of coherent sheaves of the dual elliptic curve with its standard tensor
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structure. This gives evidence that our construction agrees with expectations for the
mirror tensor product. Also, as a consequence of this theorem one gets a geometric

way of computing the ring structure on vector bundles on an elliptic curve.
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Chapter 1

Introduction

Suppose that we are given a mirror dual pair of spaces X and Xguo. We will
call D*¥™P(X) the triangulated category obtained as the derived category of an A®- -
category (the so called ”Fukaya category”) whose objects are suitable Lagrangian
submanifolds of X, and morphisms are Floer complexes with their A®-structures.
We will call D (X 4,4;) the bounded derived category 6f suitable coherent sheaves
on Xgua. Homological mirror symmetry [7] predicts that these two categories are
equivalent, but as an object of algebraic geometry D9 is much bet‘per understood
than D*¥™_ We know that D9 has rich structure and a range of geometrié functors.
The intuition behind mirror symmetry tells us that there should be corresponding
data associated to D®*¥™ but the existence of this daﬁa is largely conjectural.

The main goal of this thesis is to find the analogue in symplectic geometry of the
structure given by the tensor product on the derived category of coherent sheaves,
and to study the sympléctic techniques necessary for its definition. The motivation

for considering the tensor product structure before other structures on D% is twofold.
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The first reason is that the tensor product on D% is indispensable in many standard
constructions of algebraic geometry one might want to study on the symplectic side.

The second, more conceptual reason, is that once any triangulated category K
is equipped with a tensor structure it determines a locally ringed space Spec(K) [4].
Furthermore, if we take K to be D%9(Xgy,,) the space Spec(K) is just Xgua [3].
So given the right monoidal structure on D™ (X), one obtains its mirror Xg,, as
Spec(D¥™P(X)). We propose that one may think of homological mirror symmetry
as the study of how the geometries of certain symplectic manifolds X induce natural
monoidal structures on D%¥™P(X).

We show that for a Lagrangian torus fibration X with a distinguished Lagrangian
section, which is the classical setting' for mirror symmetry, there exists a natural
monoidal structure on Don*(X) (a category related to D™ (X)) induced by the

group structure on the toric fibers. This gives the following theorem

Theorem 1.0.1. Suppose that X is a Lagrangian torus ﬁbfatz'on over a compact
connected base B, with a Lagrangian section .. Then there is a functor & : Don®(X) x
Don(X) — Don(X) that together with the object (X, O), where O is the trivial rank 1
local system on L, induces a symmetric monoidal structure on Don*(X). This functor
restricts to fiberwise addition on the level of objects which are Lagrangian sections of

the fibration.

Having defined the monoidal structure we show that for a mirror pair of elliptic
curves, the tensor product can be defined for a version of D*¥™ used in the proof of
homological mirror symmetry for elliptic curves, and that with this tensor structure

D™ will be exactly mirror to D¢ with its standard tensor structure.
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~

Theorem 1.0.2. Let E be a 2-torus with complexified Kahler parameter p = iA + b,
where A 1s ils area. Letv Egua be an elliptic curve with modular parameter T = p, and
let DY be the bounded derived category of coherent sheaves on Fgyq considered as a
monoidal category with monoidal structure induced by the standard tensor product. Let
D™ e the extended Donaldson category of E equipped with the monoidal structure

induced by ®. Then D% and D™ are equivalent as monoidal categories.

This gives evidence that our construction agrees with expectations for the mirror
tensor product. Also, as a consequence of this theorem one gets a nice geometric way
to see the ring structure on vector bundles on an elliptic curve [1].

The main question for future work is how beneficial this setting is to considering
fibrations with singular fibers, the much less understood case of mirror symmetry.

We end the introduction with a conjecture that expresses this goal:

Conjecture 1.0.3. If X is SYZ-fibered (admitting a suitable, possibly singular, La-
grangian torus fibration) there is a natural monoidal structure on D¥™P(X) induced

by the geometry of the given SYZ fibration on X.



Chapter 2

Categories with tensor structure

To study the question of the symplectic mirror of the tensor product of coherent
sheaves we need to consider the abstract algebraic structure that extends the tensor

product to the level of categories (see for example [9]).

Definition 2.0.4. A category K has the structure of a monoidal (tensor) cate-
gory if there exists a bifunctor ® : K x K — K called the tensor product, and an

object I called the unit object so that there are natural isomorphisms:
1. aA,B,C : (A®B)®CgA®(B®C)
2.0 IQA=ZAandppy: AQI=A

that satisfy the following commutative diagrams for any objects A, B,C, D of C:

X AQB,C,D

(A B)®C)® D —> (A® B)® (C® D) QA,B,C®D

A® (B® (C® D))
aaBc ® Idi Tld ®ap,c,p
(0%
(A® (B®C))®D 4B8CD A® (B®C)® D)




Chapter 2: Categories with tensor structure 5

and

(AoT) o B AL Ag (1w B)

A®B

A monoidal category is particularly simple when all the isomorphisms defining it

are identity.

Definition 2.0.5. A monoidal category is called strict if the isomorphisms os p,c, pPa, Aa

are all identity morphisms.

Example 2.0.6. The category of modules over a commutative ring R, with the tensor
product of modules ® is a basic ezample of a monoidal category. Special cases of this
are the categories of vector spaces and abelian groups. We see how naturally appearing

monotdal categories are not necessary strict.
The following example will be of great interest to us.

Example 2.0.7. Let X be a smooth projective variety, and let Coh(X) be the cat-
egory of coherent sheaves on X. We will call the bounded derived category of this

abelian category DP . (X) the derived category of X. The category D, (X) s

coh

naturally equipped with a tensor product. The tensor product of sheaves is a bi-
functor ® : Coh(X) x Coh(X) — Coh(X) that induces a bi-functor @ : Db, (X) x

b
D coh

(X)— D

coh

(X). The bi-functor @~ and the object Ox induce a monoidal struc-

ture on D%, (X).

coh

The categories we consider will have a symmetrié tensor product. More formally
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Definition 2.0.8. A braided monoidal category consists of a monotidal category

K and a natural isomorphism called the braiding
Bap:A®B —->B®A (2.1)

so that for any three objects A, B,C in K

. O[Al
A@(B@O)ﬂ(A@B)@C%(B@A)@C

BA’B®C\1/ a’B,A,Cl/
aB.c,A Id®Bc 4
(B®C)®A%B®(C®A) —— > B (AR(C)

and

' Id®B
(A2 B)®C 2428 Ag(BeC) 2228 4% (C B)

~1
BA®B,C$ O‘A,C,B\l/
0, A,B Beca®

C®(A®B) —/> (C@A)@)B’%Id (A C)® B
Definition 2.0.9. A symmetric monoidal category is a braided monoidal cat-
egory K for which the braiding satisfies Bap = B 4 for all objects A and B in
K.
The functors which respect structure are given as follows

Definition 2.0.10. A monoidal functor from a monoidal category (K, ®, f, a, A, p)
to a monoidal category»(K’,@',]’,a’, N, p') consists of a functor F : K — K', a
natural 1somorphism

nap: F(A)® F(B) - F(A® B) , (2.2)
for every pair of objects A, B and an isomorphism ng : I' — F(I) so that for all

objects A, B,C in K the diagrams

(FA) & FB) & F) 122 pas By & P(C) M92S Fa® B) o C)
F(A),F(B F (aA,B,C)T
Id®'nBc NA,B&C

F(A F(B )& F(C)) — 2L P(A) @ F(B® C) 2% F(A® (B® C))



Chapter 2: Categories with tensor structure 7

and
rgme33ﬂ>Fm)
Tha Q' Idi F ()‘A)/I\
F(I) & F(A) -4 F(I o A)
and
mm®w—@@9Fm)
Id ®’771d\l/ F (PA)T
F(A) & F(I) A% pag )
commute.

Definition 2.0.11. A monoidal functor F' is called braided monoidal if it is

monoidal and it makes the following diagram commute for all A, B in K

B/
F(A) & F(B) LT3 pip) @ F(A)
TIA,B\L nB,A\L
B
F(A® B) 4% S F(B® A)

Definition 2.0.12. Suppose F' and G are monoidal functors from a monoidal category
K to a monoidal category K'- A monoidal natural transformation is a natural
transformation o : F' — G so that for any pair of objects A, B in K we have

FA) e F(B) “A2 %8 Gia) e 6(B)

UE,BJ/ . TIS,BT

F(A® B) — 2428+ G(A® B)

and

commute.
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Finally we can state what it means for two monoidal categories to be equivalent.

Definition 2.0.13. If K and K’ are monoidal categories, a monoidal functor F :
K — K’ is a monoidal equivalence if there is a monoidal functor G : K' - K
such that there exist monoidal natural isomorphisms between F'G and Idyg, and GF

and Idg:. If such a functor exists we say K and K' are monoidal equivalent.

Definition 2.0.14. If K and K' are symmetric monoidal categories, a monoidal

equivalence F is symmetric if ' and G are symmetric monoidal.

The importance of monoidal categories to mirror symmetry comes from the fol-

lowing construction.

Definition 2.0.15. A triangulated category K is tensor triangulated if it admits

a symmetric monoidal structure which is exzact in each variable.

In analogy with algebraic geometry one can construct prime ideal subcategories

of such a K to obtain a locally ringed space Spec(K) [4].

Theorem 2.0.16. /3] Let Y be a topologically noetherian scheme. Let DP*H(Y') be

the derived category of perfect complexes over'Y. Then
Spec(DPH(Y)) =2 Y . (2.3)
as schemes.

Consider the triangulated category D*¥™P(X) of a symplectic manifold X that
admits a mirror algebraic variety Y. In other words suppose there is a nonempty set

of varieties Y; so that the categories D¥(Y;) := Db . (Y;) are equivalent to DV™?(X).
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Pulling back the monoidal structures from the D%9(Y;) for all the Y; gives a dis-
tinguished group of monoidal structures on D*¥™P(X) whose spectra are mirrors to

X.

Conjecture 2.0.17. If X is SYZ-fibered (admitting a suitable, possibly singular,
Lagrangian torus fibration) there is a natural monoidal structure on D*V™P(X) induced

by the geometry of the given SYZ fibration on X.

One can try to go even further. It is an open question as to when Spec(K) of
an arbitrary triangulated monoidal category K admits a scheme structure. If the
resulting space is nice one might ask is if there WéS a natural equivalence from K
to D% (Spec(K)). Answering these algebraic questions would allow one to recognize

when an arbitrary symplectic manifold admits a mirror and what the mirror map is.
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The Strominger-Yau-Zaslow

transformation in the semi-flat case

In this section we will explain the one known way of geometrically understanding
mirror symmetry. In its simplest form the SYZ transform ([13]) is obtained in pairs of
special non-singular torus fibrations. We call this the semi-flat case, and we largely
focus on it without going into further generality. For geometric explanaﬁions on how
to go beyond the semi-flat case see [2].

Let M = Z" be a rank n lattice, and Mg = M ®z R. Let D be an open set in
R™. Consider D x Mg with the natural complex coordinates z; +1y; for 7 = 1,2,...,n
and z; and y; coordinates on D and My respectively. There is a natural holomorphic
volume form given by d(z1 + iy1) A d(xo + ty2) A ... Ad(zn + 1Yy).

Call Y the quotient of this space by the action of M. This comes equipped with
natural complek coordinates exp (z; + y;), and holomorphic volume form Qy = ‘% A

% AN ‘iﬂ. Furthermore we can equip Y with a Kahler form wy = Zj)k & xdx; Ny

10



Chapter 3: The Strominger-Yau-Zaslow transformation in the semi-flat case 11

for any solution ¢ of
5¢

ax]—axk) = const (3.1)

det(

This gives Y the structure of a special Lagrangian torus fibration over the base D.
The SYZ mirror X of Y is given by D x (Ngr/N) where N is the dual lattice of
M. X is also a special Lagrangian torus fibration over D. One can take wx to be
Zj dx; N\ du; where u; is the dual coordinate to y;, with the complex structure given
by coordinates w; determined from dlog(w;) = >, ¢;xdzr+idu; and the holomorphic
form Qx = ‘fulll A dw—“’22 Ao A %%. Notice that in this setup X is naturally symplectic,

while Y is naturally complex.

Remark 3.0.18. A geometric way to think about this is to consider X as the moduli
space Qf pairs (L, V), whe‘re L is a special Lagrangian torus in M and V 1is a flat
unitary connection on the trivial complex line bundle on L. One can think of the base
as representing the Lagrangian part and since the moduli space of flat U(1) connections
on the torus is canonically isomorphic to the dual torus we arrive at the dual fibration

picture. See [1] for more information.

The work of Leung-Yau-Zaslow [8] gives some evidence to the fact that this picture
induces Homological Mirror Symmetry with the following observation. Let L be a
Lagrangian section of the fibration X equipped with a flat U(1) bundle « (thinking

of this as one of the basic objects of the Fukaya category of X). We will write it as
L = {(z,u(z))lz € D} (32)

For every x € D then u(z) determines a point in Ty = T}, and thus a flat U(1)

connection on N. These patch together to give a connection on the topologically
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trivial complex line bundle over Y given explicitly as

Vi =dy — % 3 uy(z)dy, (3.3)
J

One can compute that this connection is integrable precisely when L is Lagrangian.
Thus, it determines a holomorphic line bundle. We can write down the flat U (1)

connection o on L explicitly as dy, + ¢, where ¢ is a closed one-form, and

VL,a = VL+C (34)

defines another connection integrable if and only if L is Lagrangian. We take the
holomorphic line bundle determined by V , to be the mirror of (L, a).

What does this tell us about the tensor product? Let L aﬁd L4 be two Lagrangian
sections of the fibration X, given by u; and us respectively. The hermitian connection

determining the tensor product of their mirror holomorphic line bundles is

dy - g;w) + uy())dy (3.5)

The suggestion is that on line bundles the geometric tensor product should be given
by fiberwise addition.

This is largely the extent of what we know about the SYZ transform. Fortunately

there is a natural Lagrangian correspondence from X x X to X that is determined

by the structure of a torus fibration (where tori are considered as groups), and that

recovers this behavior.



Chapter 4

Lagrangian correspondences and

Wehrheim—Woodward theory

4.0.1 Lagrangian correspondences

Let (Mo, wp) and (M;,w;) be two symplectic manifolds. A Lagrangian corre-

spondence from M, to M; is a Lagrangian submanifold of (My x M1, —wo+wi). We

will use the notation M, X M1 to denote (My x My, —wg + w1).

Example 4.0.19. Let (M,w) be a symplectic manifold. Any Lagrangian L C M 1is
a Lagrangian correspondence from pt to M. The graph of any symplectomorphism

¢: M — M is a Lagrangian correspondence from M to M.

In a sense, Lagrangian correspondences from M, to M; are generalized symplectic

morphisms. As such we expect them to induce an action on Lagrangians in Mj:

Definition 4.0.20. Let Ly be a Lagrangian in My and Ly a Lagrangian correspon-

13
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dence from My to My. The composition Lo o Ly is defined to be
W((LO X LOl) N (AMO X Ml)) (41)

where 1 Mo x Mg x M, — M is the projection and Ay, s the diagonal in My x M.
More generally let (Ms,wq) be another symplectic manifold. Let Li5 be a corre-

spondence from M, to My. We define Loy X, Lo to be
(Lor % Lng) N (Mo X Apy x Mp) (4.2)
Then the composition Ly, o L1y is defined as
7(Loy X, L12) (4.3)
where now w: My X M; x M; x My — My x My

The composition of two Lagrangians is not necessarily a Lagrangian submanifold.
The first obstacle is that Lg; X, L2 is not necessarily a transverse intersection. This
can be corrected by a Hamiltonian isotopy so since our interest is in hamiltonian

isotopy invariant cohomology theories we will assume this is the case. Then
Lemma 4.0.21. [17] The map 7|14 %, L,» 18 a Lagrangian immersion.

When 7|1, x ary L1 is an embedding we say that the composition Lg; o L5 is em-

bedded. To go further than the embedded case we need to extend the definitions.

Definition 4.0.22. [17] Let My and M, be symplectic manifolds. A generalized La-
grangian correspondence from My to M, is a sequence of symplectic manifolds

(Ng, N1, ..., Ny_1) so that Ng = My and Ny_y, = M, and a sequence of Lagrangians
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(Lo, L1, ..., Lik—2yk—1)), so that each L1y is a Lagrangian correspondence from N;
to N; 1. We denote generalized Lagrangian correspondences by L
For a symplectic manifold M o generalized Lagrangian in M is a generalized

Lagrangian correspondence from a pt to M.

Our next goal is to define an appropriate Floer homology theory for these general-
ized Lagrangians. We will need to extend the discussion from [17] in order to include

local systems and Novikov coefficients.

4.0.2 Quilted Floer homology with local systems

Consider a generalized Lagrahgian correspondence L = (Lo, L1a, ..., Lk-2y(k-1))-
A local system on L is a sequence of local systems S := (801,812, - S(k—2)(k~1)) SO
that Sji41) is a local system on Lii41)-

Suppose that we have a generalized Lagrangian correspondence with a local sys-
tem (L,S). We define the dual generalized Lagrangian correspondence with
a local system (L,S)" to be (LY,S"), where LV is the reversed Lagrangian cor-
respondence and SV isv (8&72)(,6;1), (\;cAS)(k—2) ,ySg1). We define the product of
Lagrangian correspondences with local systems (Lg;,So1) X(Li2,S12) to be
(Loy X Lig,So1 X S15), where K is just the tensor product of pullbacks of sheaves
under the projecfion maps.

Suppose that we have two Lagrangian correspondences with local systems (Lo, So1)
and (Lia, S12). Suppose that Loy X, Lig is a transverse intersection locus. Then we
equip it with the local system ¢*(So; W S12), where ¢ : Lo1 Xa, L1z — Lo1 X Lio

is the inclusion. If 7|rg,x,, 1., is an embedding we equip L1 © L1 with the local
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system 7,i*(Sg; X Slé), and we will denote this local system by Sp; © S13. (Equiva-
lently if one thinks of local systems as representations of the fundamental group, we
consider the tensor product representation, then the pullback and then the induced
representation. )

Let (L, S) be a cyclic (Ng = Ni) generalized Lagrangian correspondence with local
systems. In order our Floer homology to be well defined we will consider manifolds
N; with trivial 7 and Lagrangian correspondences whose m; injects into those of the
product symplectic manifolds. Alternatively one can look at [17] where a monotone
setup is considered, and where gradings and coefficients are explained in more detail.

1 L = (Lo1, Lo, ..., Lix—1)x) has even length we define HF*(L, S) to be

HF*((L), S)", (L), Swy)") (4.4)

where
(L(0y, Sey) := (Lo1,So1) X (Laz, Saz) X ... X (Lk—2)(k—1), Stk—2)(k—1)) (4.5)
and
(L(l),S(l)) = (ng,Slg) X (L34,834) X ... X (L(k—l)kas(k—l)k) (46)

and 7 is induced by the isomorphism N;” x Nox...N;_; X Ny, & Ngx Ni X Ny x...N,_,.

If the length is odd we take

(Loy, S0y) := (Lo1, So1) x (Laz, Sa3) X .. X (Lg—1yk> Stee—1)k) (4.7)

and

(L1y, Sqy) := (L2, S12) x (Lsa, Sza) X ... X (Lg—2ye=1)> Stk—2)(k—1)) X (Do, O) (4.8)
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where Aq is the diagonal Lagrangian correspondence from Ny to Ny with the trivial
local system . We define HF*(L, S) as before.

Now Wé define the quilted Floer homology with coeflicients in local systems and
we will show that the two mafch. Assume that we have already perturbed the corre-
spondence by an appropriate Hamiltonian action as in [17]. If the length is even we

define the quilted complex QCF*(L, S) to be

®<§> <z>Q Hom((s()l’(no,m))vﬁ Sl2|(n1,n2)) ® Hom((823|(n2,n3))v? S34|(n3,n4)) ®(49)

- @ Hom((s(k*Q)(k-l) |(nk—27nk'—1))vl’ S(k'l)kl(nk—hnk)) QA (4.10)

where z are tuples (ng, n1,...,ng) € Ng X Ny X ... X Ny such that for each ¢ we have

(ni, nit1) € Lig+1y and ny = ng. If the length is odd the above expression becomes

®<§> <z>Q Hom((801|(no,n1))v7 812|(n1,n2)) & Hom((823‘(n2,n3))Ya 834|(n3,n4)) @lll)
Hom ((Se-3)(k-2) | (mi—smi—2)) "> Sth-2) (k-1) (g _2,ms)) ® (4.12)

Hom(((s(k—l)k) l(nk—1,nk))v> O(”kmo)) ® A (4'13)

In both cases A is the Novikov parameter.
The Floer coboundary operator without local systems is given by 0 : QCF* —
QCF*t! in [17] as:

0<z_ >:= Z( Z e(u)) {§+ > (4.14)

z, ueM(z_.z.)
where M(z_,z_) is the moduli of index 1 quilted pseudoholomorphic strips (for a
detailed definition refer to [16]) between the two intersection points, with each u given
by a tuple of maps
| w t R x [0,6;] = N; (4.15)
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and € : M(z_,z,) — {£} are determined by orientations.
Let s_ 1= 55, ® 575 ® ... ® 5(;_;y, be an element of the local system which appears

in the definition of QCF*(L,S) under its identification (valid in both even and odd

cases) with

SOl'(nE,nf) &® Sl?l(n;,n;) ®..& S(k*2)(k"1)|(n;¥2,n;‘1) ® S(k—l)kl(n;_l,n;) (416)
In our case we set
A<z >®s_)= Y e(u) <z, >@Py(s)®TW (4.17)

Zy,8+4,U

where 7" is the Novikov parameter and P,(s) is an element of

Sotlng ) @ S12lint npy @ -+ @S-k Dlinp_mt ) ® Sh-vkliny mty  (418)
given by

Pu(s) = (20 (501 @ 512) © (101)") ® (734 0 (533 @ 834) © (723)") & ... (4.19)
where each 7;(;41) is the monodromy morphism in

Hom(S;(j11)|ny m, ) Si+1 it 1) - (4.20)

induced by the curve (u;(s,d;),u;4+1(s,0)), and ’Y;/(jﬂ) is its dual in

Hom((sj(]'+1)|(n+ n;."+1))v’ (Sj(j+1)|(nf n; ))V) (421)

7 5 M
Notice that in the odd case we consider the quilt as having an ”extra seam condition”

given by the pair (Ag, O). This observation is really a part of the following proposition

Proposition 4.0.23. Quilted Floer homology with local coefficients is well defined

and agrees with generalized Floer homology with local coefficients.
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Proof. That the quilted Floer homology with local coefficients is well defined follows
from an argument similar to that in [17]. The second part of the claim will follow
from unraveling the definitions.

As is stated in [17] the strips contributing to the differential in HF(L, S) are in a 1-
1 correspondence with the quilts of QH F (L, S). Consider such a J-holomorphic strip
w(s,t) with s = —oo limit at the intersection point (ng,...,n,_;) and the s = 400

limit at (ng,...,n;_,). Unfolding this curve gives a quilt u by taking
w(s,t) = (uo(s, 1 —t),ui(s,t),us(s, 1 —t),...) (4.22)

where all the

(Uj<8, 1),’Uj+1(8, O)) S Lj(j+1) (423)

and ug := up.

Let ¢ an element of
Hom((sc\)/l)|(n5,n;) ® (85/3)|(n2_,n3_) ® "'7812|(n1_,n2_) ® 834|(n;,n;) ®...) (4.24)

Compared to the case with no local systems now every strip w contributes an extra
P ()T where

Pu(t) =r10toy (4.25)

with 7y being the dual of the monodromy morphism "y(\)’ along w(s,0) inducing a

morphism in
Hom(801|(na’n1—) ® S23|(n2_,’n,5) ® ""SOll(né,n;r) ® 823|(n—2{~,n;) ® ) (426)
and v; being the monodromy morphism along w(s, 1) inducing a morphism in

Hom (812 (n; n7) @ Ssalns np) ® - St2liny gy ® Ssalng gy © ) (4.27)
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Under the natural isomorphism of equations [4.16] and [4.24], ¢ can be rewritten

as
t=50 ®® .. QS; 1y (4.28)
Similarly, under a natural isomorphism 7 can be rewritten as v5; ® Y23 ® ... and v,

as Y12 ® Y34 ® ... where each ;41 is in Hom(sj(j+1)|(n;,n;+l)’ Sj(j+1)|(n;r’n;u+l))

We claim that P, (t) = Py,(s), that is that
(T2 @734 ® ...) 0 (80 RS ® ... @ s(’k_l)k) o (Vg ® Yoy ® ...) (4.29)
But this is straightforward because
w(s,0) = (uo(s, 1),u1(s,0)) x (ua(s,1),us(s,0)) x ... (4.30)

and so the monodromy morphisms «;¢;+1) can be identified precisely with the mon-

odromies along (u;(s, 1), u;4+1(s,0)). O
Next we prove an extension of the main theorem of [14]

Lemma 4.0.24. Let (Ll,Sl), (ng,Slg), (L23,823), (L3,$3) be a sequence Of La-
grangian correspondences from (pt, Ny, Na, N3, pt). Suppose that the composition Liy0

Los 1s embedded. Then

HF*(((Ll,Sl) X (L23, 523))\/, (L12, 312) X(L3, 53)) = HF*(((Ll,Sl)X(L3, 53))\/, (L120L23,5120523)

(4.31)

Proof. On the level of complexes we have that CF*(((Ly, S1)x{(Las, S23))Y, (L12, S12) X

(L3, S3)) equals

@m <z > ®Hom((81 X 823)V|x, (812 X Sg)lx) X A (432)
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Let z = (ny1, na, n3). We can decompose Hom((S; X 8a3)Y |4, (S12 W S3)|) as
Silny ® S23|(ngins) @ S12l(n1,me) © S3lns (4.33)
On the other hand CF*(((L1,S1) x (L3, S3))Y, (L12 0 L3, S12 0 Sa3)) equals
By <y > @Hom((S1 W S3)|y, (S12 0 Sas)ly) ® A (4.34)
Let y = (my, m3). Then we can deconipose Hom((S; K Sg)vfy; (S1z2 0 Sgg)ly) as
Silmy ® Sslms ® (S12 0 Soz)| (M1, m3) (4.35)

Since L1920 Log is embedded, for every y we can find a unique my so that (my, ms, m3) €

(L1 x Log) N (L12 X L3). Then since Sip 0 Spz = m,i*(S1o K Sa3) we again get
S1 |m1 & S3lm3 ® Sl2|(m1,m2) ® S23|(mz,m3) (4-36)

On the level of the differentials we use the quilted picture. Let u be a quilt
contributing to the right hand side and v = Ts(u) where T is the isomorphism of
the appropriate moduli of quilts constructed in section 3.1 of [14]. To extend the

arguments found there it is enough to show that
Pu(s) = (20 (s @ s15) @ (1)) ® (13 0 (533 @ 53) © (72)") (4.37)

equals
Pult) = (pzo (ty @13) 0 (p1)") ® (t123 © (123)") (4.38)
where s and ¢ are in spaces given by 7[4.35] and [4.37] and %,; p; and v;(j41), Pj(j+1) are
appropriate holonomies as before.
By the first part s and ¢ can‘be identified by an isomorphism so that s = {7,

S3 =ty and s, ® S5 = t1,3. By construction of 75 there is a homotopy between u
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and 1_) More precisely, following the proof of the main theorem of [14] we can identify

u(s,t) = (ui(s, t),us(s,t)) with the tuple (u13, W) where
wis(s,t) = (ui(s,1 — t),us(s, 1)) (4.39)

is of width 1 and
a(s, t) = (ws(s), ua(s), uz(s)) (4.40)

is of width & with w3(s) = (u1(s,1),u3(s,0)), s = ls o U3, where [y is the M,
component of the inverse of 7 : L1y Xz, Lag — L12 0 Los.

We can identify v(s,t) = (v1(s, 1), va(s,t),vs3(s,t)) with the tuple
(v13(s, 1), v13(s, 8), v2(5, 1), va(s, 1)) (4.41)

where

vy ((1+6)s,8 — (1+6)t), for 0 <t < i6;
(n1(8,1 — £),03(s,)) = 151 +9) (1+0)0) 2 (4.42)
vis((1+6)s, (1 +8)t —4), for 26 <t < 1.

and

vo((1+6)s,6 — (1 +0)t), for 0 <t < 1i6;
N ETCRDRE R 1 .

va((1 4 8)s, (1 +8)t —6), for 16 <t <é.
The number § is the width of the middle strip in v (the other ones are width 1)
and 6 = 2—1;. It is for these tuples of strips that there is a homotopy. We can
immediately see that the curves vy3(s, 1) = (vl(ﬁ;s,()), 7503(5, 1)) and w3(s, 1) =
(u1(s,0),u3(s,1)) are homotopic so we can identify the p;’s and ~,’s.

For the rest, po3 induced by U3 is the same as the holonomy of the local system

S1s M Sy3 along w. On the other hand 712, o3 are induced by (wvi(s,1),va(s,0))
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and (vy(s,6),vs(s,0)) respectively. In terms of the new tuples the last two become
(vi5((1 + 6)s,8), v5((1 + 8)s,6),v2((1 + 8)s,8)). This curve induces a holonomy of
Sio X 823 that is by homotopy the same as the one given by %. But the latter one is

also equal to the one given by 73 0 (87, ® s53) 0 (v12)V after using the isomorphism of
Hom (812] (= m=) ® S23l(mz mz ) S12lmt mdy ® S8l (mt m) (4.44)
and

Hom((812|(m1+,m;'))v7 (Slzl(m;,m;))v) ® Hom((823l(m2‘,m3_))7 (823|(m'2",mg'))) (445)
Thus putting it all together

t193 0 (p123)" = Y3 © (512 ® 593) © (112)" (4.46)

4.0.3 Donaldson-Fukaya categories with local systems

Next we review and extend the definition of the Donaldson-Fukaya categories of
generalized Lagrangians.
We will need the following theorem, which is a straightforward extension of argu-

ments in [16] using ideas of the last chapter

Theorem 4.0.25. Given a quilted surface with strip-like ends C, and a collec-
tion of Lagrangian submanifolds with local systems (L, S,) for the seams and bound-
aries of C, one for each end e, we can define a relative invariant ®o that counts

the number of pseudoholomorphic quilts with these Lagrangian boundary conditions.
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and gives a map

(I)C : ®6—HF((L§—,§§—‘)) - ®§+HF((L§+7§Q+)) (4'47)

Furthermore, if C' is a quilted surface obtained by removing a patch between La-
grangian correspondences whose composition s embedded and replacing it with a new

seam corresponding to their composition, then the isomorphisms
W, : HF((L,,5,)) » HF(L.,5.)), (4.48)

where (ng, §/g) are the new boundary conditions at each end, intertwine with the rel-

ative invariants in the sense that

Q0 (®e-Te-) = (Re+ Vet ) 0 o - (4.49)

Remark 4.0.26. Again we refer the reader to [16] for a detailed definition of quilted

surfaces with strip like ends and the associated invariant.

Definition 4.0.27. The generalized Donaldson-Fukaya category Don!(M) of

a symplectic manifold M is defined as follows:

e The objects of Don*(M) are generalized Lagrangians satisfying suitable technical
conditions (like the ones discussed in section 4.1) with local systems (L, S) in

M.
e The morphism space between two pairs (L;,S;) and (Lo, Ss)is
Hom((Ly, S4), (Lg, S5)) == HF (L, S)[d] (4.50)

where (L, S) is the periodic correspondence given by concatenating (L,,S,) and

(Ly, S5)Y, and d = 5(32, dim(Ne) + > dim(N};,)).
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o The composition of morphisms in Donf(M) is given by the relative invariant

®p corresponding to the quilted half pair of pants P

Hom((L;,S,), (Ly, S3)) x Hom((Ly, S5), (L3, S3)) — Hom((L;,S;), (L3, S3))

(4.51)

e The identities lipsy € End((L,S)) are given by relative invariants associated to

the quilted disk [16].
As a consequence of the previous theorem we obtain the following lemma

Lemma 4.0.28. Let (Lo, Lia, ..., Lx—2)k—1)) be a generalized Lagrangian with local
systems (suppressing the local systems from the expanded notation) such that L¢;_qy;0
Lj(j+1) s embedded. Then it 1s equivalent to the generalized Lagrangian with local

systems (Lo1, L1a, .., Lj—1yj © Lj(j41), - Le—2)k—1)) as an object of Don'(M).

Furthermore, let My and M; be two symplectic manifolds. A Lagrangian corre-
spondence with local systems ( Loy, Sp;) induces a functor ®(( Loy, So1)) from Don* (M)
to Don*(My), which is well defined and constructed in analogy with [15] and the pre-

vious discussion:
Definition 4.0.29. The functor ®((Lg1, So1)) : Donf(My) — Don*(M,) is defined by

o On the level of objects, taking concatenation of the given object of Don*(My)

with the Lagrangian correspondence (Loi, So1)

e On the level of morphisms taking ®((Lo1, Se1)) = P, where C is a quilted

surface with two punctures and one interior circle [15]
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We will call the full subcategory of Don'(M) given by objects which are just

Lagrangian submanifolds Don(M). We will need one more functor

Theorem 4.0.30. There is a fully faithful functor i : Don*(M) x Don*(M) —

Don*(M x M) that extends the product functor on the subcategory Don(M).

Proof. Let (L,S) = (Lo1, .., Lge—2ye—1y) and (G,T) = (Go1, --., Gim-2)(m-1)) be two
generalized Lagrangians with local systems (suppressing the local systems from the

expanded notation) such that m < k. On objects

i((L, 8) x (G,T)) = (Lo1, L2, -, Lk—myk—m+1) X Go1, -, L—2)(k=1) X G(m—-2)(m-1))
(4.52)
Let (N, P) = (Noy, ., Nyj_)(-1y) and (R,Q) = (Ro1, -, Rs—2)(s—1)), With s < j

be two other generalized Lagrangians. For morphisms we need to consider

HOInDon”(M)((L? §)7 (ﬂ7 E)) X HomDon"(M)((Q> Z)v (Ea Q)) (453)

The first Hom equals (up to a shift)

HF*(A%), Aw) (4.54)
where
A = Lot X Loz X ... X NJoi)y X N 1yama) X - (4.55)
and
Ay = Lip X Lag X ... X NLjp i1y X N@,fl)(a,_m X ... (4.56)

where |’ — a| = 1 are numbers that depend on the parity of k.

Similarly the second Hom equals

N HF*(Bpy, Bu)) (4.57)
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where
Bioy = Gor % Gaz X ... X Rfg.1y % Rlg_1y5_9) X ... - (4.58)
and
By =G X G34 X ... X Rg’(B’H) X Rig_1yg_2) X --- (4.59)

where |5’ — 3| = 1 are numbers that depend on the parity of m.

By the decomposition property of Floer homology
HF*(Apy, Aw) ® HF" (B, B) (4.60)

equals HF*(L}

(0),L(1)) where L(o) = A(O) X B(O) and L(l) = A(l) X B(l)'

Let (L, S) and (G, T) be of even length. Then after a rearrangement of factors we

get

L) = Lor X ... X (L(k‘2>(k~1> X Gm-2)m-1)) X (Nf_3)(j-2) % Rg;—3)(s—v2)) X ... (4.61)
and

Ly = L1z X .. X (Lg-3)(6—2) X G(m-3)(m-2)) X (NG_9)5_1) X Rls_ay(s_1)) X - (4.62)
Thus we get exactly the Hom space

HF*(i((L, 8) x (G, T

_ =

=
R

P) x (&, Q)))- (4.63)

This identification defines our functor on morphisms and at the same time proves
that it is fully faithful.
If (L,S) and (G,T) are both of odd length we get the same situation. Let (L, S)

be of even length and (G,T) of odd length. Then we get -

L(O) = L01 X ... X (L(kfg)(k_l) X G(m_g)(m_g)) X (N(:g—?))(j—Q) X Rg;—Q)(s—l)) X ... (464)
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and

L(l) = ng X ... X (L(k_g)(sz) X G(mhg)(nhl)) X (N(ig_g)(j_l) X R(J;_3)(S_2)) X ... (4.65)

Equivalently this is the Floer homology of the sequence

(Lot, L12, -y Lk—3)(6—2) X G(m-—2)(m—1)» Lik-2)6-1) X B _)(s 1), N-2)(-1) X R{s_8)(s—2)> ---)
(4.66)

Lemma 4.0.31. The Floer homology of the sequence

(L()l, Ly, ..., L(k—3)(k—2) XG(m—Q)(m—1)7 L(k—Z)(k—l) XR%;VQ)(S~1)7 N(j]?72)(jw1) XR%,;_:),)(s_z)a )

(4.67)
can be expres'sed as the Floer homology of the pair of generalized Lagrangians
(Lot, Lz, -y Lk-3)6-2) X Gm—2)(m—1), Lg—2)6-1) X Anr) (4.68)
and
(oos NG-2)G-1) X Bs—3)(s-2), Bmt X Ris—9)(s-1)) - (469)

Proof. The claim is equivalent to the fact that we can replace Lx_g)yx—1) X R?;—Q)(s—l)
with the sequence (Ly—_2)k—1) X Aum, Ay X RaAz)(sq))- But this sequence gives an

embedded composition and composes exactly to L_2)x—1) X R%';_Q)(S_l). ]
Lemma 4.0.32. The two generalized Lagrangians
(Lo, L2, -, Lig—3)(k—2) X Gm-2)(m—1)s Lik—2)(e—1) X Aaz) (4.70)

and i((L, S), (G, T)) are equivalent as objects of Don*(M x M).
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Proof. Let (V,W) be a test object. The generalized intersection points are obviously
in correspondence.

Let u be a quilted strip with the seam conditions (Lo, L1, .., Lk—3)(k—2) X G(m-2)(m-1)> Lk—2)(k-
Ay, VT). We can write u = (uy, g, ..., Up—2 X Ug_1, Ug_1 X Uk, ... ) 80 that u;(s,0) € Loy,
(u1(s,1),u2(s,0)) € Lg, ..., (ur—3(s,1), uk—2(5,0)) € Lig—3)(k-2), (Vi—2(5, 1), vx-1(5,0)) €
Gm-2)(m-1) (ur—2(5,1),uk-1(s,0)) € Lu—2yk-1), (Ve-1(5,1),vk(5,0)) € Aps. Define
v : R x [0,1] = M to be the strip given by concatenating ve_1(s, 5t) and vi(s, 3t).

Then

uw = (uy, Uz, ..., Ug_o X Vg_o,Up_1 X U, ...) -(4.71)

gives a J 1 -holomorphic map a quilted strip with seam conditions in i((L, S), (G, T)),
where J 1 is a deformed almost complex structure as per the proof of Theorem 5.2.3 of
[17]. From this point on one can follow their argument that shows these areina 1 —1
correspondence with width 1 quilted strips for a genuine almost complex structure.

Similarly, one can argue for quilted triangles which finishes the proof. O

Applying the above lemma to
(oo Nig-2)(g-1) X Bs-3)(s-2), Aar X Ris—2)(s-1)) (4.72)
as well again establishes that the result is
HF"(i((L, S) x (G, 1)), i((N, P) x (B, Q))) (4.73)

Since there was no loss of generality in choosing (L, S) to be of even length and (G, T)

to be of odd length, this finishes the proof. O
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Definition of the tensor product

We are now ready to define the bifunctor giving the tensor product. Consider the

set £in (X x X)~ x X, where X is semi-flat, given by

L={(z,u1,z,us,z,u1 +wp)|z € D, wuy,uy € Ty} (5.1)
where X = D x Tyy.
Lemma 5.0.33. L is a smooth Lagrangian correspondence.

Proof. Under a diffeomorphism that permutes the factors of this product £ is given
by Apxpxp % I'y, where I, is the graph of addition on T};.

To check that it is Lagrangian

W(XXX)_XX((P7 Ul)? (P7 UQ)’ (Pv U + U2)7 (Q? Vl)? (Q’ VQ)’ (Qa i+ ‘/2)) = (52)

—wx ((P,UL1), (@, V1)) —wx((P,Us), (Q,V2)) + wx((P, Uy + Uy), (Q, Vi + V2)) (5.3)

The simple form Zj dz; A du; of wy for a semi-flat X implies that this is 0.

30
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The way this composition acts on pairs of Lagrangians intuitively is by ﬁberwise
Minkowski addition. In other words for every fiber of the fibration on X that both of
the Lagrangians intersect, we Minkowski sum the intersection‘ points of one with the
intersection points of the other. In particular this recovers the behavior predicted by
- the SYZ-picture.

We have so far focused on the local picture, which is believed to be a part of the
more general mirror symmetry picture. Suppose now that X is a Lagrangian torus
fibration with no singular fibers over a compact connected base B, with a Lagrangian
section. Then B s affine and X is isomorphic to T*B/A (see [5]) so we can define

the Lagrangian correspondence L.

Theorem 5.0.34. Suppose that X is a Lagrangian torus fibration over a compact
conneéted base B, with a Lagrangian section 5. Then there is a functor & : Don®(X)x
Don*(X) — Donf(X) that together with the object (£, 0), where ¥ is the zero section
and O s the trivial rank 1 local system on L, induces a symmetric monoidal structure
on Don'(X). This functor restricts to fiberwise addition on the level of objects whz’ch

are Lagrangian sections of the fibration.

Proof. Using Duistermaat’s theorem we can define the Lagrangian correspondence
Lin X~ x X~ x X. This then defines a functor ®((£, ©)) from Don*(X x X) to
Don*(X). We define

®:=®((L,0))oi (5.4)

and this functor, as discussed, has the desired property of being fiberwise addition on

the level of objects.
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Let (L).‘S) = (LOIa"wL(k—Q)(kAl))a (Q)I) = (GOI)"'aG(m—Q)(m—l)) and (M)B) =

(Not, -+, Nij_2)(j-1)) be 3 objects of Don*(X). Then
(L, S)®(G, T)&(N, P) -~ (5.5)
is given by the sequence
(s D=2y k-1) X Glm-2)(m—1) X Ng-8)G-2, £ X Nij-2)5-1), £) (5.6)
which by Lemma 4.14 is equivalent to the object
(s Lp-2)(h-1) X Clm—zym-1) X Ny-2yjory, £ x Ax, L) (5.7)

On the other hand (£ x Ax, L) can be composed by an embedded composition
and gives the correspondence given in local coordinates under the isomorphism X =
T*B/A as

T = ($)y1>x>y27xay3‘a$7yl +y2+y3) (58)

so that
(L, 8)&(G, T))®N, P) = (..., Lge-e-1) X Gm-2)(m-1) X Ng-2¢-1,T)  (5.9)
Similarly
(L, G TSN, )2 (- L sy % Gimeaiony % Nz, T) (310)

which gives the isomorphisms oy ¢ n defining the monoidal structure.

Consider (L, S)®(X, 0). 1t is given by

("'7L(k‘—2)(k—1) X Z,,C) (5.11)
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But the subsequence (L(_g2)k—1) X £, L) is composable by an embedded composition
and equals L_g)k—1) giving the isomorphisms pp defining the monoidal structure.
Similarly one can obtain the Ap’s.

It is not difficult to check that «, p and A satisfy the commutative diagrams of
Definition 1.1 and so (&, (%, 0)) induces the structure of a monoidal category on
Don(X).

We can define the braiding functor as follows. Consider (L, S)®(G,T) given by

(s Lig-2)(k-1) X Gm-2)(m-1), £) : (5.12)

Notice that £ C (X x X )~ x X is invariant under the permutation of the first factors
because of commutativity of addition on the torus fibers of X. We conclude that
under the permutation symplectomorphism that takes L_2)k—1) X G(m-2)(m-1) to
- Gm-2)(m-1) X L(x—2)k-1) and so on for all members of the sequence, the generalized
Lagrangian

(- Lk-2)b-1) X Gm-2)(m-1) £) (5.13)

goes to

(s Gm—2)(m-1) X Lg-2)(k-1), £) (5.14)

and this symplectomorphism induces the braiding isomorphisms By, ¢. These clearly
satisfy Br g = Bélé and since it’s not hard to check the necessary commutative

diagrams our monoidal structure is symmetric. Ol
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The Donadlson-Fukaya category of

a torus

Consider the 2-torus F = R?/Z? equipped with the symplectic structure given by
| w = Adz A dy, where A is then the area. Take Q = v/A(dz + idy), so that together
they define a Calabi-Yau structure on E, and furthermore a torus fibration like the
one discussed in the previous chapter. Closed Lagrangian submanifolds of F are just
closed embedded curves in E. For each such curve we can apply the mean curvature
flow, with the metric given by the above Calabi-Yau structure. By the properties of
the mean curvature flow, if the curve is not contractible it will converge to a geodesic
in its hamiltonian isotopy class. Otherwise it will converge to a point and the flow
is not a hamiltonian isotopy (one cannot lift the phase function to a hamiltonian in
this case). Thus in describing the Donaldson category of E, we can restrict ourselves
to considering underlying Lagrangians that are geodesics for the flat metric on the

torus. We discard the contractible curves whose Floer homologies are obstructed, as

34
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is usually done ([12]).
Let the extended Donaldson category Don' (E) be the category Don(E) en-
larged by formal sums. The functor ® extends to Don™(E), and the main theorem

of this section is

Theorem 6.0.35. The bi-functor ® restricts to a bi-functor Dont(E) x Don™ (E) —

Don™(E).

Proof. Consider the d to 1 symplectic covering maps p; : £y — F where py sends
(z,y) to (dz,y) and E4 denotes E equipped with dwstandara (2 symplectic covering

isamap f: (M, wi) = (Ms,ws) that is a covering and satisfies f*wy = wy).

Lemma 6.0.36. The pre-image under py. of the line L given by y = Zz —-a, where
k is an integer and (n,r) = 1, is given as a disjoint union of lines L* given by
y = knz — "a —a where a € {0, ...,7 — 1} each one of which is a k to 1 cover under

Pkr-

The pre-image of the line x = b is kr lines x = b,j—ro‘, where o € {0,...,kr — 1} each

one of which is isomorphic to x = b under pg,.

Proof. The pre-image of y = 2z — a under the covering R? — E is given by lines of
the form

y+ﬁ=§(x—a)-a (6.1)

where «, f € Z. The pre-image of these under py, is

y+5:§(er—a)—a=km:——;a—a (6.2)
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so in FEp. we get r curves given by projections of y = knz — Ta — a where a €
{0, ...,7 — 1} each one of which is a k to 1 cover because each point has kr pre-images
and there are 7 distinct curves.

If the curve is given by x = b then the pre-image is clearly kr lines given by

bta

xr = r

O

We will prove that (L;,S;)®(Lg,S,) is isomorphic to an element of Don(FE) as
a Don(FE)-module for any two objects (Lq,S;) and (Lg, S3) of Don(E) (where we
suppress the local systems from the notation).

Let L; and Ly be such thatv the sequence (L; x Lo, L) is transverse and that
the projection map 7|z, x1,)x g s 15 & covering map of degree n onto an embedded

Lagrangian image. We will denote this image again by (L x Ly) o L. It is easy to

show that the generalized intersection points of
(L1 x Lo, L,T) (6.3)

and

((Ly x Ly) o L,T) (6.4)

are in an n to 1 correspondence. We will show that one can indeed compute L QL
in terms of (L; x Lg) o £ and a suitable local system on it.

We split the proof into two cases according to the following distinction. Consider
~ the sequence (L1 X Lo, £). If Ly x Ly x L and Agyxp x E intersect transversely we’ll

say that Li, Ly and L form a transverse sequence.
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Lemma 6.0.37. The lines Ly, Ly and the Lagrangian L do not form a transverse

sequence only when Ly = Lo = F where I is a vertical line x = b.
Proof. The tangent space T Ly, & T Ly & TL is given by
(llal2,u> U1, U, V2, U, V1 +1}2) (65)

where [; € TL; and (u,v1,u,vg,u,v; +v3) € TL. The tangent space TAgyxp ® TFE is
just
(p,¢,p,q,7) | (6.6)

where p,q,r € T'E. Finally let
(51,82, 83, 54, S5) (6.7)

be an arbitrary element of TE®TE G TEOTE ®TE. .

For a transverse sequence we need to be able to solve
(p + l17 q + l?vp + (U, Ul)) q + (u7 v?)’ T+ (’U,, U1 + UQ)) = (Sla 52, 83, S4, 85) (68)

for p,q, 7, 11, 1o, (u,v1), (u,v2) given sy, 89, 83, 84, S5. Given ) and Iy, the first and sec-
ond component equations determine p and q. We can pick u,v; and vy so that the
third and fourth component equations are satisfied as long as s3, — p, = S4x — Gy
ie. 83, —S1p+liz= Saz — S2,0 + ls, (where subscript z denotes the base direction
component of the vector). Finally we can pick r freely so that the last component
equation is satisfied.

Thus as long as I3 , — {1 , can be any real number for a choice of (i1, l5) the sequence

is transverse, which is true whenever at least one of the tangent spaces to lines [;

and Lo at generalized intersection points has a horizontal component, which is in turn
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true for all pairs of lines L; and L, except when they are both equal to a vertical line

z =b. ]

'So let us start with the transverse case.

6.0.4 Case 1l

Let L; and Ly be two lines (geodesics for the flat metric on the torus) given
by y = ’r‘—llx —a; and y = f—;x — ao. Notice that in this case the projection map
T|(LixLa)xsx s 1S & degree w covering, where w :‘ ged(ry, 7). This is so for the
following reason: notice that the first line intersects a vertical line in 7; equally
spaced points, and the second one in 75 équally spaced points. Over each point (z, 2)
of (L x Lg) o L there will be all the points (z,y1,z,v2,z, 2) in (L1 X Lg) X gxg L such
that (z,y1,x,y2) € L1 X Ly and y; + yo = 2, and there are precisely w of those.

Let T be a line given by y = ’;—::1: — a3. Take d to be rirars3. To analyze the quilts
involved, consider the covering pg X pg X pg: By X E; x Eg -+ E~ x E~ x E. The

pre-image of £ consists of disjoint tori given by

‘Civj = (x+a’y1>x+%7y2ax7yl+y2) (69)

where 0 < 1,7 <d—1.
Equip £, x E; x E; with pullback almost-holomorphic structures. Let u be a
quilted strip with seam conditions (L, X Lo, £,T) (where we write T" for T7 to simplify

notation).

Lemma 6.0.38. The quilted strips v are in a d° to 1 correspondence with the quilted

strips with seams in the pre-image Lagrangians (L x Lg,ﬁi,j,TV), where 0 < 2,7 <
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d_].,OSOéSTl—l,OS,BSTQ"'].,0S7S7’3—1.

Proof. A quilted strip u consists of a pair (u1, uz) from generalized intersection point <
T >=(ng xnéy_, ns,_ ) to generalized intersection point < z, >= (N1 + XnN9 4, N3 4).
Pick one of the d? lifts of < z_ > under py x pg X pg. By definition this is a generalized
intersection point for one of the (L¥ x Lj, £;;,T7) and it determines a lift of (u;,us)
to a quilted strip with these lifted seams (just lift u; and wuy individually and by
definition they will form such a quilted strip). Since every quilted strip with seam
conditions (L% x L&, L;;, T7) projects to one with cohditions (L1 X Lo, L,T) this

finishes the proof. , 0

Now by Lemma 4.6, the quilted strips with seam conditions in (L§ x Lg Lo, T

are in a 1-1 correspondence with quilted strips with seam conditions in (Cp—; —;,T7).

Where
Covip = (L& x L) o Ly (6.10)
and Cjy; is given by
d d
Yy = (nl——l—ng—)x—ﬁk—@l—al—ag (611)
™ L) ™1 )

There are p different Cy; for o,8,i,j varying, where p = ™"2. This is because

counting the number of different Cj; is the same as counting the number of n;7ryk +

3 1 3 T _ T -
ngr1l mod 7179, which is just gcd(gcd(m;zjzm))rm) = gcd(gcd(nll’:z)wymz) = p. There
are 77od? different seam conditions (L¢ x Lg ,L; ;) so the quilted strips with these

seam conditions are in a d?w to 1 correspondence with quilted strips with conditions

(CkJ, T’Y) .
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The curves Cy; are the pre-images of the curves Ry, by pgq, where Ry is

n n n
y:(—1+@)x——1k——2l—a1—a2' (6.12)
1 ) T T2

There are g of these curves, where ¢ = ged(p, ™2™ + ™), because their number is

the number of values of ni73l; 4+ norily mod ged(ri7a, nirs +nyer1) = qw. The number

of these is L But this is

cedleedlm gy and gcd(nl‘,ng) and ¢ are

co-prime, so the final answer is q. Each of these ¢ curves has § pre-images that all
together give the p curves Ry.

Using the same argument as in Lemma 6.4 we conclude that the strips with bound-
ary conditions (Ck;, T7) are in a d to 1 correspondence with strips Wii;h boundary

conditions (R, T"). But @y Ry, is precisely (L; x Ly) o L for

ni

=Dy 6.1
y=z—a (6.13)
and
yzﬁx—ag (6.14)
2

Thus we can conclude that the quilted strips with seam conditions in (L; x Lo, £, T)
are in a w to 1 correspondence with the quilted strips with seam conditions in (L1 X
Ly)o L.

Since all the generalized intersection points of (L; X Lo, £) and T have the same

index, we can find a S on (L; x Lg) o L that will give an isomorphism
CF*((Ly X Lo, £),T) = CF*((Ly X Ly) o L, T) (6.15)
and an isomorphism

HF*(Ly x Ly, £,T) = (HF*((L1 x Ly) 0 £,T)) (6.16)
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where we suppressed the local systems from the equations for ease of writing.

Take the pullback local systems (S¢ ®S2, O, T7) on (L¢ x LY, L;;, T"), where
T is the local system on T. On (C,—_;p—;,7”) under the composition this goes to
(82X SEY o O, T).

On the other hand take the rank w local system on (Ly x Ly)o L given by m,z*((L1 %
Ly) o L) (which is well defined for a covering map m). We will call this local system

(851 K S,) 0 O). Pulling this back to (Ck,;,T") one gets that
Do ,ii(Ca iy (ST R S) 0 O) (6.17)

and

B, (Chyy 3 ((S1 K Ss) 0 O)) (6.18)

have the same Floer homologies with 77.. Thus (S; K Sy) o O) is exactly the local
system we are looking for.

We can rephrase this in terrﬁs of Don(F) modules as a set of isomorphisms 7 :
(Li®Ly)(T) = ((Ly x Ly) o L)(T) (where the local systems are suppressed from

notation). We want to claim that 7y induce an isomorphism of modules.

Remark 6.0.39. To obtain such isomorphisms one could just notice that all of the
Lagrangians involved are special. Equip E x E x E with the product Calabi-Yau
structure using —(w ® w) B w and (AN Q) AQ (giving the complex structure —(J X
J)x J).

The Lagrangian L is special for the product Calabi- Yau structure on (Ex E)” x E
with constant phase function —1.

To see this decompose E3 as BXxT x BxT x BXT with coordinates (z1,y1, T2, Y2, T3, Y3)-

Consider the embedding of B x T x T into E® that gives L so that the coordinates on
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B X T xT are (x,y1,y2). Restricting the holomorphic volume form gives
Qps| = A% (do —idyr) A (dz —idys) A (dz +idy, +idys) = —3A2dx Ady Adys (6.19)

The metric is given by A(dz? + dy? + dz2 + dys + dz2 + dy?), and the volume form of
the restriction is 3A%dz A dy; A dys.

As a special Lagrangian L admits a natural grading by picking a real number such
that exp (2mia) = (—1)® = 1. We consider L as a graded Lagrangian submanifold
with the grading given by a = 0.

Suppose now for ezahple that we are considering three special Lagrangians Ly, Lo
and Lz in E with phases oy, ag, and az. Then one can show that Lagrangian Li X
Lo x L3 is special in E x E x E and has the phase function exp mi(—(a; + as) + az).

However, the discussion we gave before is more general and that the choice of
nr is canonical and enables one to give a Don(E)-module z";somorphism which we
discuss next. Still we use these observations when we make remarks on the indices of

generalized intersection points we consider.

To do this, let S be a line given by y = :f—:x — a4. Let v be a quilted half pair of

pants with seam conditions (L; x Ly, £), T" and S.

Lemma 6.0.40. The quilted half pairs of pants v are in a d* to 1 correspondence
with the quilted half pairs of pants with seam conditions (L$ x Lg JLig), T, S® where

0<4,7<d—1,0<a<r—-1,0<8<r,—1,0<~y<r3—-1,0<6<ry—1.

Proof. A quilted half-pair of pants v consists of a pair of maps (v, v;), where v; is a
holomorphic strip in £ x E and vy is a pair-of pants in F from < z_ > ®p, where

< z_ >= (n_ X ny_,n3_) is a generalized intersection of (L, x Ly, £,T) and p is
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an intersection point of 7" and S, to < 2, >. Pick one of the d® lifts of < x_ > uﬁder
Pa X pg X pg- This determines a lift of (v1,v2), which is by definition a half-pair of
pants with seam conditions (L§ x Lg L), T7, S°. Conversely every such half-pair
of pants projects to a half-pair of pants with conditions (L, x L, £), T" and S which

finishes the proof. ]

On the other hand quilted half-pair of pants with seam conditions (L$ x Lg L),
TV, S are in a 1 — 1 correspondence with half-pair of pants with seam conditions
Cu—ip-j, T7 and S° by Theorem 4.7. Completing the argument like for quilted half

strips we conclude that the quilted half-pairs of pants with seam conditions

(L1 x Ly, £), T, S (6.20)
are in a w to 1 correspondence with half-pairs of pants with boundary conditions

(L x Ly) o L,T, S (6.21)

In terms of Don(E)-modules this says (by the part of Theorem 4.7 concerning the
intertwining property of the relative invariants defined by these) that the maps 77
are natural transformations.

Without loss of generahty one can take T" and S to be any éombinatioﬁ of possible
lines that are Lagrangians of Don(E) (possibly doing a small hamiltonian perturbation
to achieve transversality, but that does not change the argument).‘ Similarly one can
analogously argue for any combination of L; and Ly that form a transverse sequence
with £, the non-transverse case being the subject of case 2. Thus, in the transverse
case we have proved (L1®Lg, $;®S5) o (L1 x Lg) o L,(81 W Sy) 0o O) as Don(E)-

modules.
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6.0.5 Case 2

Suppose that L; and Ly both have the underlying Lagrangian given by a vertical
line F' given by equation z = b. We will prove that then either L;®Ly, & F[-1] & F
(with local systems to be explained) or Li®Ly = 0 as Don(E)-modules.

The tensor product in Don*(E) is given by Li&®Ly = (L; x Ly, £). This is not
transverse so let us deform L; with a small hamiltonian deformation so that it has

two intersection points with Lo. Let T be a test object of the form
Yy=nzr—a (6.22)

~wheren € Z and a € R.

Lemma 6.0.41. The composition Lo T is embedded.

Proof. Notice that the first two components of (£ X T') xg (F x*E x Ag) determine

the rest, and so the map to £ o T is an embedding. ]

Consider the linear transformation
A= | | (6.23)
n —1
Let ¢ be the affine transformation (z,y) — (z,y + a).

Lemma 6.0.42. The transformation ¢ = id x (Ao ) is a symplectomorphism E~ X

E — (E x E)~ that takes the diagonal Ag to Lo T.

Proof. The transformation A takes Z2 to itself in R? and so descends to E. A7l =
A, which also descends so it induces a linear isomorphism. In coordinates it takes

(z,y) to (z,nz — y) so it induces a symplectomorphism from dz A dy — —dz A
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dy. The transformation ¢ is obviously a symplectomorphism so id x (¢ o A) is a

symplectomorphism £~ x E — (E x E)

Taking the action on Ag in coordinates
(miyaxay) — (xayax’nx_y_a) (624)

This is precisely Lo T. ]

So we get that
HF*(Ly x Ly, £, T") N HF*(Ly x Ly, Lo TY) = HF*»(w(L1 x Li—,f);zp(AE)) (6.25)
- where the last isomorphism uses the fact that ¢ fixes Ly. Thus
HF*(L,®Ly, T) = HF*(Ly x LY, Ag) = HF* (L, Ly) (6.26)

This chain of isomorphisms implies that the only quilted strips between the two
generalized intersection points of (L; x Lo, £) and T are the ones coming from the
discs between L, and L.

Now we need to reintroduce the local systems into the computation. We can
assume that our objects given by (L1, S;1) and (Ls, Sy) are indecomposable with no loss
of generality. By definition we can then specify their local systems using holonomies
exp(2mib; 1y, + N;) where N; are cyclic nilpotent endomorphisms on fibers V; of S;, and
b; are real numbers. If b; # by the Floer homology HF*((L,,S;),(La,S3)) vanishes
by definition (it is zero when there is no common eigenvalue for holonomies), and so

tracing back the differential on

CF*(L1®L2,T) = CF*—I((Ll X L2) o ﬁ, T) S5, CF*((Ll X LQ) o E,T) (627)
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equals zero and so
HF*(Li®Ly, T) 2 HF* (L1 X Ly) o L, T)® HF*((Ly x Ly) o L, T) (6.28)

If b; = by one can compute ([12]) that HF*((L1,S1), (L2, Ss)) is isomorphic to V;
for the i such that V; is of smaller rank, which will correspond to taking the local
system on (L; x Lg) o L to be S;. We denote this local system by (S; K S;) o O (it
is the cohomology of 7,2*(S1 B Sy) considered as a complex of local systems with a
differential induced by the above discussion).

To establish that the same holds for other test objects, let T" be given by

y = g:n —a (6.29)

and consider the cover map p, where p is as in the previous proposition. We again

have
C’F*(L1®L2,T) = C’F*_l((Ll X Lo)o L,T)® CF*((Ly x Ly) o L,T) (6.30)

By the same reasoning as in Section 1 we get that quilted strips with seam conditions
(L1&®Ly,T) are in correspondence with quilted strips with seam conditions in (Lg x
Lg, L;;,T7), where L§, Lg, L;; and T are as before.

The sequence (L& x L5, L; ;,T7) has generalized intersection points when o + i =
B + 7 and for each such we get 2 quilts by the r = 1 part of the argument. Thus we

get 2r* quilts for all (L% x L3, L;;,T7), and so we originally had 2r quilts such that

CF*(Ly®Ly, T) 2 CF* *((Ly x Ly) o L,T) ® CF*((Ly x Ly) o L,T) (6.31)

becomes either

HF*(L1®L2,T> = HF*_I((Ll X Lz) o ,C,T) o) HF*((Ll X L2) o ,C,T) (632)
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or 0 as before.

Finally let T' = F,‘the line z = b. In this case Lo T = F X F so we get that
HF*(L1®Ly, T) 2 HF*(F x F,F x F) 2 HF*(F,F)® HF*(F, F) (6.33)
But
HF* ' (Ly x Ly)o L, TY®HF*((Ly x Ly)o L, T) =2 HF* Y (F, F)@HF*(F, F) (6.34)

in this case so we get the expected answer. As we discussed composition is natural

with respect to quilted triangles so we conclude that in terms of Don(£)-modules
L1®L2 =~ ((Ll X LQ) o [,)[—1] D ((Ll X Lg) o ﬁ) (635)

with local systems described, or 0 depending on the eigenvalues of holonomies for &;

and Ss.

This then finishes Case 2, and ends the proof.



Chapter 7

Mirror symmetry for the elliptic

curve as a monoidal equivalence

In this chapter we discuss mirror symmetry for a torus £ and how the new tensor -
product, as applied to E, mirrors the one on ifs dual. Let Fg,, be the elliptic
curve with modular parameter 7 = p. In [12] we are given a functor ® that induces
an equivaleﬁce between the category Don™ (FE) and the derived category of coherént
sheaves on Fg,,. Let us review the construction of this functor, by starting With a
short review of the theory of coherent sheaves on an elliptic curve.

We take the following result as our starting point:

Theorem 7.0.43. [6] Let X be a smooth projective curve. The full subcategory
of D, (X) formed by all objects that are finite direct sums of objects of the form
Aln|, where A is either an indecomposable torsion sheaf supported at a point or an

indecomposable vector bundle, is equivalent to D, (X).

In case of an elliptic curve, indecomposable torsion sheaves and vector bundles

48
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can be further classified. Identify X with C/A where A is a lattice generated by 1

and 7. Every line bundle on X is given as
((C.x C)/A | (7.1)

where the action of the lattice is given by 1 acting as identity and
T(z,v) = (z + 7, d(2)v) (7.2)

where ¢ is some function from C to C*. Denote a line bundle constructed in this way

by L{¢). We will distinguish the line bundle Ly given by the function
bo(z) = exp(—miT — 2miz) (7.3)

Every line bundle can be represented as I = t*Lo® Ly !, for some translation ¢, and

some integer n, and so is given by

$(2) = t3¢0 - 05 (7.4)

Every vector bundle is given as (C x V')/A, where V is a vector space and the action

of A is given by 1 acting as identity and
T(z,v) = (2 + 7, A(2)v) (7.5)

where A is a function from C to GL(V'). We denote such bundles by F(V, A). These
can be classified as well, like in work of Atiyah [1] and later Oda [11]. Consider the -
natural isogeny map 7, : X,, — X, where r is an integer, and X, denotes the elliptic

curve with modular parameter 7.

Theorem 7.0.44 (Atiyah, Oda). Aﬁy indecomposable vector bundle on X of rank and

degree (rk,nk) (ged(r,n) =1) can be written in the form m..(L(¢) & F(V,exp(N))),
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where L(¢) is a uniquely given degree n vector bundle and N is a cyclic nilpotent

endomorphism of a k-dimensional vector space V.

Torsioh sheaves supported at a point are easier to describe. They are determined
completely by the point of support x, the vector space of global sections V' and the
action of (z — z) (considered as a generator of O,) on V that is given by a nilpotent
matrix N € End(V). We denote such sheaves by S(z,V, N).

Now we can describe the action of ® on the objects we discussed. If A = 7,..(L(¢)®

F(V,exp N)) with ¢ = t,, 140 - 5~ the image is

B(A) = (A, a, M) (7.6)

where ‘A is the line with slope * and z intercept <=, the phase o is the unique

real number with —2 < a < i and exp(ira) = llf(z)z, and the local system

M € GL(V®) is the pushforward by the degree d cover of the local system with
fnonodromy exp(—2mibly + N).

If A= S(ar +b,V, N) the image is
) ,
D(A) = (A, 3 exp(2mibly + N)) (7.7)

where A is the vertical line through —a.

We are ready to prove the following theorem

Theorem 7.0.45. Let E be a‘ 2-torus with complezified Kahler parameter p = iA+b,
where A is its area. Let Eguq be an elliptic curve with modular parameter T = p, and
let DY be the bounded derived category of coherent sheaves on Eguq considered as a

monoidal category with monoidal structure induced by the standard tensor product. Let
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Ds¥™ be the extended Donaldson category of E Don™ (E) equipped with the monoidal

structure induced by &. Then D% and D™ are equivalent as monoidal categories.

Proof. Let us show that ® is a monoidal functor. To do this we will split our discussion
into three cases. In each case we need to compute the Oda representation for the
tensor products that we need to use the mirror functor and then we will compare

with the mirror tensor product.

Case 1

Suppose that we are looking at A ® B where
A =71 (L1 @ F(Vy,exp(Ny))) (7.8)

and

B = ms.(Ly ® F(Va,exp(N;))) (7.9)

with Ly = &7 Lo ® Lg_l and Ly = t3 Lo ® Lg‘_'l and V;, V5 of ranks k; and ko
respectively (remember ged(n,r) = ged(m,s) = 1). For notational convenience we
- will again use E; to denote the elliptic curve with modular parameter 7. Notice the

following cartesian square
B ks B

151 | lm (7.10)

EST L) E‘r )
where E = E,. xZ/dZ, where d = gcd(r, s) and p = =. Denote by [, the composition

of the isogeny E,, — E., with the translation by v7 on E,,, and by [, the isogeny
E,; = E, . These are juSt the maps obtained from mapping E,, to the v place in
E,: x Z/dZ and composing with I, and [, (this depends on the choice of identification

of E with E,, x Z/dZ and this choice is the most convenient).
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We want to compute

A® B =7 (L1 ® F(V1,exp(N1))) ® mse( Ly ® F(Va, exp(Ny))) (7.11)

in standard form so we could find its mirror. Since 7} F(Vy, exp(:Ny)) = F(Vy, exp(Ny))

and similarly for s, we can use the projection formula to rewrite
1 1
A® B = (7 L1 @ e L) ® (F(V1, exp(;Nl)) ® F(Vs, exp(;Nz))) (7.12)
Let us compute the part involving line bundles

Tooely @ MLy = wr*(Ll.éﬂfﬁs*Lz)
= Tp(Ly & Ll Lo)
= e (PLy ® I Ly)
= m ('L ®L,)

where 7 : E — E; is the composition map (using base change 7} ms, = .. 0%).

We can decompose this into factors as
7TT*L1 (=Y 7T3*L2 = @Vﬂp*(l:nyl X Z;VLQ) (713)

where 7,, : E,; — E. is as before. We will use the following two Lemmas that we

prove here for convenience.
Lemma 7.0.46. ¢ (t2Lo® Ly ') = t5,,, Lo ® L§™*
Proof. Notice that for every two points x and y we have

t:Lo @t Lo = 5y, Lo ® Lo (7.14)

by the Theorem of the Square [10]. O
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Lemma 7.0.47. Let m, : By, — E; be the k-covering and a,b € R.
Th(taripLo ® L5 =ty Lo @ LE (7.15)

Proof. For any line bundle L let my : B, — E, be the map taking x € I, to the line

bundle L ® L' in the dual curve. The following diagram commutes

m_ =

m L ~
E&T __JL+ E%T

«| T« (7.16)

which is the same as saying
ty(mel) ® (g L)~ = mi(tr, (L ® L7 (7.17)

It is easy to compute that

miLo = LE (7.18)
so using Lg as L and the previous lemma we get
thLo® Lot = mi(tr, Lo ® L) (7.19)

This implies the above for degree 0 bundles and analogously we conclude for all
degrees. 0
Let z; = ayr7 + by and x5 = aq987 + bs. Then

2n—1

by Ly = 1o, nvypry oy, Lo ® L (7.20)

and

Lo = thprs sy Lo @ LE™ (7.21)
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SO

% Ent+Im—1
Wr*Ll Q Teulig = @lﬂrp*(t(a1+a2+ﬂ;}i)p’r+§b1+§b2L0 X Lg d ) (722)

For the other part of the tensor product computation notice that
1 1 1 1
F(Vl,exp(;Nl)) ® F(‘/Q,QXP(ENQ)) =FWV® Vz,exp(;Nl R1+1® ENQ)) (7.23)

We can decompose V; ® V, (Lemma 21 in [1]) so that exp(2 N1 ® 1 +1® 2 N,) is cyclic
unitary on each subspace to get that (Vi ® V5,exp(: N, ® 1 + 1 ® tN;)) decomposes

as

(Wkl_k2+17 Okl—kz-l—l) @ (Wk1—k2+3’ Okl—k2+3) .. (Wkﬁ—kz—l? Ok1+kz—1) (7'24)

where W’s sum up to V) ® V, and O’s are restrictions of exp(%Nl ®1+1® %Nz)) to

the W’s. Thus F(V1,exp(; N1)) ® F(V2, exp(:Nz)) decomposes as
FWi—kp+1, Oki—kp+1) ® F (Wi, 543, Oy —343) @ .. ® F(Wiy 14,1, Oy 44,-1) (7.25)

where we assume k; > ky. The full tensor product is then

s

% n+Im—1
A® B = ®yiTp(Ua, tass 2 ppra 20450, L0 ® LG 47~ ® F(Wiy o261, Ok, _y42041))
(7.26)
where we’ve again used the projection formula and thus the p-th powers on O’s.

The mirror map takes this object to

@(A X B) = @U,i(Al/7 o, MU,i) (727)
where A, is the line with slope %n + %m and x intercept %, the number —% <
a < % is given by the slope, and the local systems M, ; are in GL(W,ffq,kﬁgiH)

where g = ged(p, §n + m). Since the local systems will not come decomposed in our
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Lagrangian calculation we can sum over ¢. So if we denote by M; the monodromy of
®(A) and M, the monodromy of ®(B) we get the g —th power of (V} ® V5, M1§ ®M25)

Let us compute ®(A)®®(B). The Lagrangian L; underlying ®(A) is a line of slope
% starting at %" and for ®(B) it is a line Ly of slope = starting at 2°. Remembering
the last chapter, the line underlying the tensor product is given as (L; X Lj) o L,

which is just the set of curves Ry, 4,

n m n m ’

for integers I; and l;. Let us show this is the same family of lines as the one given
by ®(A ® B). The equivalent pairs (I1,ls) ~ (1 + ur, ly +vs) where u,v € Z give the
same curve, and the pairs (I1,ls) ~ (l; +w, o +w) where w € Z also. We can use the
second relation to get rid of the second parameter to get (I1,l3) ~ (v,0) where v € Z
-is free and then the first relation gives (v,0) ~ (v + ur +vs,0) which by definition of

d gives the lines can be written as

n . m n
y= (;: + ;)fﬁ I e (7.29)

where v ranges from 0 to d.

Notice that this is not a family of disti‘nct curves, we just wanted to prove that the
two families coincide. The count of distinct curves was given in the previous chapter
and is given by ¢. So taking into account the redundancy, ®(A ® B) consists of the
q curves Ry, ;, with local systems of rank qgklkz = dkiks.

Let us compute the relevant local system (S; X S;) o O. Because the curves in
(L1 x Lg) X gxg L are in homotopy classes (5,7, ...) in Ly x Ly x £, under pullback tb
the intersection we get the local system V; ® V with monodromy Mli ® Mzg. Pushing

this forward by a d-th cover gives the rank dkiky local system we expected.
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Case 2
Suppose
A = 7 (L ® F(V1,exp(Ny))) (7.30)
and
B = 5(x, Vs, Ny) (7.31)

where V’s and N’s are as before, and z is the point where B is supported. The tensor

product in the derived category is equivalent to the object
A® B = m (L ® F(V1,exp(Ny))) ® S(z, Vs, Np) (7.32)

because A is locally free. Since B is suppbrted at a point, A ® B is supported at the
same point as well. Since A is locally isomorphic to ng, where k is the dimension
of the vector bundle A, we get that A ® B is isomorphic to B®*. Its image is thus
O (B)e*.

On the other hand the Lagrangian defining ®(A)&®(B), given by (L; x Ly) o L
is exactly the supporting Lagrangian of B. The local system is the local system of
B to the power 7 - ki, which is exactly the dimension of the vector bundle A. This

_establishes that again ®(A)®®(B) = ®(A® B).

Case 3

Suppose
A= S(z, V1, Ny) (7.33)

and

B = S(y,V2, N2) » (7.34)
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Since we are working on a curve we can find a locally free resolution of A of length 2
of the form

0—>Ry—R; =0 (7.35)

where R; and R, are of the same dimension since they are isomorphic away from z.

The tensor product is

0 >R ®B—->R1®B—0 (7.36)

The sheaves in the above sequence are supported at y and if  # y the above map
is an isomorphism and so this object of the derived category is equivalent to 0. If
z = y let us use an isomorphism to identify A with O, and B with O;m»where k;
is the rank of V;. Using now the standard 2-term resolution for Oy, we find that the -
derived tensor product is Oy, ,[—1] @ Ok, where k; is the smaller of the two.

On the Lagrangian side, if x = a17+b; and y = ay7+ by satisfy a1 # ay we get that
P(A)Q®P(B) is 0 because the fibers underlying ®(A) and ®(B) are disjoint, which is
thei desired outcome. In the case a; = ao but b; # by we get the case of Ly X Loy~
and £ forming a non-transverse sequence, corresponding to taking & of a fiber with
itself with local system of different eigenvalues, and thus the solution is again 0. In
case ¢ = y the proof of Theorem 6.1 shows that ®(A)&®(B) is the sum F[—1] & F
(where F is the vertical through —a) equipped with whichever of exp(2mib;1y, + N;)
is of smaller rank, which is the mirror of the above two term complex.

Now we can say that ® is a monoidal functor, and similarly for its inverse that

gives the mirror symmetry equivalence. We conclude that ® is in fact a monoidal

equivalence for (D, ®) and (D™ ).
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