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Abstract

In this thesis, I prove several results toward constructing a machine that turns Lagrangian
correspondences into Ax-functors between Fukaya categories. The core of this construction
is pseudoholomorphic quilts with figure eight singularity.

In the first part, I propose a blueprint for constructing an algebraic object that binds
together the Fukaya categories of many different symplectic manifolds. I call this object the
“symplectic Ao-2-category Symp”. The key to defining the structure maps of Symp is the
figure eight bubble.

In the second part, I establish a collection of strip-width—-independent elliptic estimates.
The key is function spaces which augment the Sobolev norm with another term, so that
the norm of a product can be bounded by the product of the norms in a manner which
is independent of the strip-width. Next, I prove a removable singularity theorem for the
figure eight singularity. Using the Gromov compactness theorem mentioned in the following
paragraph, I adapt an argument of Abbas—Hofer to uniformly bound the norm of the gradient
of the maps in cylindrical coordinates centered at the singularity. I conclude by proving a
“quilted” isoperimetric inequality.

In the third part, which is joint with Katrin Wehrheim, I use my collection of estimates
to prove a Gromov compactness theorem for quilts with a strip of (possibly non-constant)
width shrinking to zero. This features local C'°°-convergence away from the points where
energy concentrates. At such points, we produce a nonconstant quilted sphere.

Thesis Supervisor: Katrin Wehrheim
Title: Associate Professor, UC Berkeley
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Chapter 1

Introduction: A blueprint for Symp

In [F1], Floer proved the Arnol’d conjecture for a Lagrangian L in M assuming m2(M, L) = 0,
a hypothesis which guarantees that “disk bubbling” is not a concern. Fukaya’s innovation
was to embrace disks: in [Ful, he introduced the Fukaya A.-category, whose objects
are Lagrangians submanifolds (with some additional structures) and where the morphisms
from L° to L' are formal sums of points in L% N L' in the case that these Lagrangians have
transverse intersection. The structure maps

u?:hom(L4 Y, LY ® - -+ ® hom(L°, L') — hom(L°, LY)

are defined by counting pseudoholomorphic maps from disks with d input and 1 output
boundary marked points to M and with boundary conditions in the L;’s, as on the left of
Figure 1-1.

Figure eight bubbling arose in [WeWol] as a conjectural obstruction to an identity
of quilted Floer homology groups. In this thesis (parts of which are published in [Bol|,
[BoWe2]), I follow Fukaya’s example of embracing singularity formation and describe a
program to relate immersed Fukaya categories of different symplectic manifolds by counting
figure eight bubbles with seam marked points, one of which is pictured on the right of
Figure 1-1. The main goal of this program is to construct an A, 2-category Symp, whose
objects are compact symplectic manifolds and where the 1-morphisms from My to M; are
given by Fuk(M; x M), the immersed Fukaya A category of (Mo x M, (—whty) © Wiy ).

p3 (23, 2, 1)

Figure 1-1: On the left is one of the domains for the maps whose count defines 12, one of the
Ao, structure maps in Fuk(M). On the right is a domain for a 2-patch eight with marked
points, whose count will define C 2(y1 | z2, 21).



Symp will fulfill the goal of Wehrheim—Woodward’s quilted Floer theory, which aims to
introduce functorial methods to the study of the Fukaya A, category. §1.1 summarizes the
results proven in this thesis, which are proven in §2 and §3. In §1.2, I describe the proposed
structure maps of Symp and the relations they should satisfy; I note the places where the
results of §2 and §3 will be needed. In §1.3, I explain how Symp should unite several existing
constructions, and should yield new relations amongst them.

1.1 Results in §2 and §3

The novel feature of the figure eight bubble is the “singularity” where the seams intersect
tangentially, and one of the main results of my thesis is a Removal of Singularity Theorem
when Lg; o Ly is cleanly immersed. The other main result is a Gromov Compactness
Theorem for strip-shrinking, a prototype of which is the degeneration where the two
seams of a figure eight bubble come together and fuse. Both results will be crucial for
constructing meaningful moduli spaces of figure eights.

1.1.1 Removal of singularity for figure eight bubbles

We say that Lagrangians Loy C My x My and L1 C M] x M3 have cleanly immersed
composition if the intersection

Loy Xy Lig = (Loy X L12) N (Mo x Ay, X M)

is transverse (which implies that the “composition” Lg; o Lig := moa(Lo1 X ar, Li12) is an
immersed Lagrangian in My X M>) and furthermore any two local branches of Lg; o L12
meet cleanly.

A figure eight bubble between Lg; and L is a tuple of finite energy pseudoholomorphic
maps

wozRX(—OO,—%]—)Mo, wlsz[—%,%]-—)Ml, ’LUQIRX[%,OO)—)Mz
satisfying the seam conditions
(wo(s, —%),wl(s, —%)) € Loy, (wi(s, %),wz(s, %)) € Lo Vs € R.

By stereographic projection, the total domain of a figure eight bubble can be transformed to
a punctured sphere, similar to the illustration in Figure 1-1. In §2 I establish the following
basic analytic property of figure eight bubbles, which was conjectured in [WeWo4].

Removal of Singularity Theorem 2.1.2: If the composition LgioL1g is cleanly immersed,
then wo resp. wo extend to continuous maps on D? = (R x (—oo,—3]) U {oo} resp. D? =
(R x [3,00)) U {00}, and wi(s,—) converges to constant paths as s — Foo.

The proof has two parts. First, I show that in cylindrical coordinates centered at the
singularity, the gradients are uniformly bounded. This goes by contradiction: if not, I
bubble off a nonconstant quilted sphere using Gromov Compactness Theorem 3.3.1. Second,
I establish an isoperimetric inequality for the energy in the quilted setting, which crucially
relies on the cleanness hypothesis. Since the argument is local at the singularity, the theorem
applies also to figure eight bubbles with marked points.
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Figure 1-2: The strip-shrinking degeneration and the tree of quilted spheres that results.

1.1.2 Gromov compactness for strip-shrinking

A phenomenon that is new to quilted Floer theory is strip-shrinking [WeWol], in which the
width of a strip or annulus in a quilted surface shrinks to zero. To understand the topology of
moduli spaces of maps from such domains, one would like a “Gromov Compactness Theorem™
if the energy (i.e. the summed L2-norms of the derivatives) is bounded, then a subsequence
of the maps converges C, away from finitely many points where the gradient blows up, and
at each blowup point a tree of quilted spheres forms; Figure 1-2 illustrates this degeneration.
Wehrheim and Woodward [WeWol] established compactness up to energy concentration in
the special case of embedded composition of Ly o L2 (which in particular requires the
composed Lagrangian to be embedded, not immersed), though only in an H2NW 4-topology
and with a lower bound on the energy concentration that has no geometric interpretation but
arises by contradiction from mean value inequalities. In joint work with Katrin Wehrheim
[BoWe2|, we establish full CJ%-convergence in the most general natural case. Our current
proof produces a single quilted sphere — rather than a whole tree of spheres — at each
blowup point, hence may not capture all energy, but I have recently developed an argument
to fix this shortcoming. The results in this chapter will be stated for “immersed composition
of Lo o L12”, which is slightly weaker than cleanly-immersed composition.

A key for the proof is to establish “energy quantization” for figure eight bubbles, which
are the one new type of bubble that can form at the blowup points.

Lower Energy Bound Lemma 3.2.8: For fixed almost complex structures and La-
grangians with immersed composition Lg; o L2, the energy of nontrivial figure eight bubbles
is bounded below by a positive quantity.

Energy quantization plus the elliptic estimates discussed in the next subsection allow us to
establish the following theorem.

Gromov Compactness Theorem 3.3.1: Let Q" be a sequence of quilted surfaces con-
taining an annulus or strip QY of widths 6 — 0. Label the patches of Q” with a fixed tuple
M of compact symplectic manifolds, let M; and My, M> be the labels of (] and the adja-
cent patches, and fix compatible almost complex structures over each patch. Fix compact
Lagrangian seam conditions for each seam of " so that the Lagrangian correspondences
Lo1, L12 associated to the seams of Q] have immersed composition Lg; o Lia. Now suppose

11



that (v”)yen : @ — M is a sequence of pseudoholomorphic quilts of bounded energy with
the given Lagrangian seam conditions.

Then there exists a subsequence that converges up to bubbling to a punctured quilt
v® 1 Q°NZ — (M~ M;). Here Q> is the quilted surface obtained as limit of the @" by
replacing Q% with a seam labeled by Lg1 o L1, Z is a finite set of bubbling point—s, v
satisfies seam conditions in the fixed Lagrangian correspondences and for the new seam in
Lg1 o L12, and convergence holds in the following sense:

e The energy densities |dv”|? are uniformly bounded on every compact subset of QO\Z,
and at each point in Z there is energy concentration of at least & > 0;

e The quilt maps v |Q“\(Q'1’UZ) on the complement of Z in the patches other than QY
converge with all derivatives on every compact set to v>°. If Lo; o L2 is cleanly immersed,
then v extends continuously to Z. If moreover Lg; o L1 C My X My is a smooth
submanifold, then this extension is smooth.

e At least one type of bubble forms at each point z € Z in the following sense: there is
a sequence of (tuples of) maps obtained by rescaling the maps defined on the various

patches near z, which converges CfX, to one of the following:

a nonconstant, finite-energy pseudoholomorphic map R? — M, to one of the sym-
plectic manifolds in M (this can be completed to a nonconstant pseudoholomorphic
sphere in My);

— a nonconstant, finite-energy pseudoholomorphic map H — M, x M} to a product of
symplectic manifolds associated to the patches on either side of a seam in @, that
satisfies the corresponding Lagrangian seam condition (this can be extended to a
nonconstant pseudoholomorphic disk in M, X My, in particular including the cases
of disks with boundary on Loy C My x My or Lig C M x Ma);

- anonconstant, finite-energy map H — M x Ms with boundary condition in Lo X L12
with lift to L1 xar, Li12 (the singularity can be removed in the case of cleanly-
immersed composition; the same holds for the next type of bubble);

|

a nonconstant, finite-energy figure eight bubble.

1.1.3 Width-independent elliptic estimates

The analytic core of the two results just described is a substantial strengthening of the strip-
shrinking estimates in [WeWol] — in particular, from embedded to immersed geometric
composition. In §2 I construct a special connection that allows me to obtain estimates
without boundary terms for quilted Cauchy-Riemann operators, with uniform constants for
all small widths of a strip. This allows us to strengthen the uniform H2N W14 estimates of
[WeWol] to H**+! and thus Ck=1 for any k > 1, which is e.g. needed to deduce nontriviality
of bubbles with generalized boundary condition in Lg; o L.
The estimate I prove for any kK > 0 is

”C”f1k+l(Qr,é) < C(”DCHI’}k(QR,&) + HC"HO(QR,s))v

where Q,s is a quilt with total domain (—p, p)? and seams at (—p, p) x {£4}, ¢ is a section
of the tangent bundles of My, M, M3 by a triple of maps ug, u1, ug from the bottom resp.
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middle resp. top patches to My resp. M) resp. My, D is the linearized Cauchy-Riemann
operator, and H* is a modification of the Sobolev space H*:

1¢Cs: Ol g = 1S (s, O] e +Z SUP 1V5¢(5, t0) | i (s pupy)

€(—pp
k 2

= e, + 3 19605, Dl
=0

For fixed p and 6, the H*- and H*-norms are equivalent due to the embedding H! — co
for 1-dimensional domains. However, this equivalence is not uniform in §. The utility of
the H*-norm is that the C) H!-terms satisfy a product rule that is uniform in 4, since the
H'-norm is applied on the domain (—p, p).

1.2 Construction of the A, 2-category Symp

Throughout this section, ufj will denote the k-ary composition operation in the A category
F\lk(Mi— x M j)-

1.2.1 The A, bifunctor Symp

We begin our blueprint of Symp by modifying the figure eight bubble by placing I > 0
input marked points on the 12-seam (between the M; patch and the My patch), iy > 0
input marked points on the 0l-seam, and one output marked point at the singular point of
the quilt (the left half of Figure 1-1 is the lp = 1,{; = 2 case). The 12-seam is now divided
into l3+1 segments; label these by Lagrangians LY, .. Ll C M x Mj. Label the segments
of the 0l-seam by LOl, L | C My x M. Given a ﬁmte—energy pseudoholomorphic quilt
with this domain, and assummg that LY; o LY, and L01 o L12 are cleanly immersed and that
the branches of one intersect the branches of the other cleanly, it follows! from Removal of
Singularity Theorem 2.1.2 that the limit of the three maps at the output marked point is
a generator of CF*(L3; o LY,, L01 o Llllz). The 0-dimensional moduli space of such quilts
should therefore define a map

C3—|=): CFY (L L) ® - ® CF* (LY, LY) (1.1)
® C'F*(Ll1 ! Lfﬁ) . ® CF*(LY,, L(ln)
_‘>CF*(L 10L12, o1° 2)

The first step toward combining these quilts into a moduli space will be building a Deligne—-
Mumford-like compactification of their domains, as a manifold with boundary with corners.
For that purpose note that the moduli spaces of quilted disks constructed in [MaWo]| to
represent Stasheff’s multiplihedra can be viewed as configuration space of marked points on
one of the two seams of the domain of figure eight bubbles. Allowing for marked points
on both seams is analogous to the construction of “biassociahedra” in [MaWeWo|, and will
again yield families of marked quilted surfaces parametrized by singular polyhedra. We can

! Removal of Singularity Theorem 2.1.2 is stated for figure eight bubbles with no input marked points
(i.e. with seams mapping to single Lagrangians Lo1, L12). However, the proof is local at the singularity, so
it also applies to figure eights with marked points.

13



2
2 | (e, 201 |22y o) 91 | Hon (22, 21)

Iy

Al

12 (C( | 22), C* (w1 | 21)) 132 (C*(y1 | 22), C*(| 1))
202(C (w1 1), C2(| @2, 71)) 1g2(C3(| 22, 21), C? (11 |)

12 (C%(y1 | 2, 1)) pia(C2( | 22), C*(1 | ), C*(| 21))
132 (C?(| 22), C*(| 21),C%(y1 |)) 132(C(y1 | ), C*(| z2), C?( | 1))

Figure 1-3: These quilted surfaces represent on the one hand the algebraic expressions in
the bifunctor relation of Conjecture 1.2.1 (with the exception of curvature terms), and on
the other hand the expected boundary strata of the 1-dimensional moduli space of figure
eight bubbles with one marked point on the Ol-seam and two on the 12-seam (with the
exception of bubbling that does not involve marked points).

then build moduli spaces of pseudoholomorphic quilts whose domains are given by points in
a biassociahedron.

The boundaries of 1-dimensional moduli spaces of such quilts will then give rise to
a collection of relations among these maps. These boundary components will arise from
several effects. Firstly, the underlying biassociahedron of quilted surfaces has boundary.
In the example of Figure 1-3, its top strata correspond to the eight algebraic terms not
involving p!-terms. Secondly, Floer trajectories can break off at each marked point on a
seam. In the example of Figure 1-3, this corresponds to the three algebraic terms in the
first row involving pre-composition with poy or pi,. Moreover, energy concentrating at
the outgoing marked point (where in cylindrical coordinates two pairs of 01- and 12-seams
approach each other asymptotically) can be captured geometrically as a Floer trajectory for
the composed Lagrangians breaking off. In the example of Figure 1-3, this corresponds to
the algebraic term in the bottom left corner involving post-composition with pdy. Together,

14



these algebraic terms capture the relations describing an Ay, bifunctor. Finally, energy
can concentrate without marked points being involved, yielding sphere, disk, or figure eight
bubbles. Spheres will be interior points of the ambient polyfold, hence do not contribute
to the algebraic relation. Disk bubbling can appear on a 01- or 12-seam, yielding algebraic
terms involving pre-composition with u3; or u9,, which reflect curvature of an A, algebra
associated to a Lagrangian L}, or Li,. Figure eight bubbling can only appear when the
underlying quilted surface also approaches a boundary face of the biassociahedron that can
be interpreted as the width of the middle strip shrinking to zero. In the example of Figure 1-
3 these are the configurations in the second and third row corresponding to post-composition
with ng for £ > 1. Since figure eight bubbling does not add to the corner index, we expect
additional boundary faces arising from adding any number of figure eight bubbles without
marked points to the 02-seams of these configurations. Algebraically, this will be reflected
by C() terms in any number of entries of pf,, meaning that the A, bifunctor itself is curved.
More precisely, we expect for each lp,[; > 0 a relation of the form

Zc(ylza .. ~’yk+m+17“ll2(yk+ma s ,yk-i-l)ayka RN I Zlyye- '7$1) +
+ D Cn - U1 | Ty ey Thgmet 1 201 (Thtms -+ Thp L) Thy - -, T1) =
= 2#82(0(3112) sy Ylo—kn+1 | Tey - - "mll—mn+1)’ .. '7C(yk1’ el Ixmlﬁ .. ~7$1))'

For instance, the twelve summands not involving curvature terms in the Iy = 1,l; = 2
case, together with their corresponding boundary strata, are shown in Figure 1-3. These
relations are exactly what is required of a curved A, bifunctor, so we are led to the following
conjecture.

Conjecture 1.2.1. Given compact symplectic manifolds My, My, My, there is a curved Ao
bifunctor

C?: (Fuk(M] x Mz),Fuk(My x Mi)) — Fuk(Mg x My)

between Fukaya categories of cleanly-immersed Lagrangians that sends a pair of Lagrangians
(L12, Lo1) with cleanly-immersed composition to Lo; o L1y and is defined on the morphism
level by the maps C?(—| =) in (1.1).

Remark 1.2.2 (Immersed Fukaya categories). Conjecture 1.2.1 is naturally stated in the im-
mersed setting: Even if the source Fukaya categories were chosen to contain only embedded
Lagrangians as objects, the target Fukaya category would still need to contain immersed
Lagrangians, since Hamiltonian perturbation of Lagrangian correspondences Lo, L3 can
always achieve cleanly-immersed but generally not embedded composition. The Fukaya cat-
egories in Conjecture 1.2.1 will have as objects immersed Lagrangians ¢: L — M with clean
self-intersections; boundary conditions in L for a map u: ¥ — M on v C 9% will require
the data of a continuous lift of u|, to L. Cleanly-immersed Lagrangian boundary conditions
have been discussed in various settings before, but [BoWel] will develop both analysis and
algebra from scratch — the first since we choose to work in the framework of polyfolds,
and the second since our version of the immersed Fukaya category requires control of sheet-
switching at self-intersection points in terms of cochain labels which encode contributions
from sheet switching figure eight bubbles.

Remark 1.2.3. Special cases of Conjecture 1.2.1 will yield Aoo-functors similar to the ones
constructed in [MaWeWo|. The main differences are that [MaWeWo| works with ezrtended
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Fukaya categories (whose objects are composable sequences of embedded Lagrangian cor-
respondences) and is necessarily limited to settings (such as monotonicity) in which figure
eight bubbling is excluded.

(i) For My = pt the restriction of C to a fixed unobstructed object Lo1 € Fuk(Mj x M)
yields a curved Aso-functor Cpr,,: Fuk(M;) — Fuk(M;). On the object level, this
functor sends L1 C M; to Loio L1 C My if this composition is cleanly immersed; on the
morphism level, this functor is defined by the maps C(—|) arising from the moduli spaces
of quilted disks with a nonnegative number of marked points on the boundary circle, as
on the right of Figure 1-1.

(i) For My = pt the restriction of C to a fixed unobstructed object Lis € Fuk(M] x M)
yields a curved Aoo-functor r,,C: Fuk(M;) — Fuk(Mys) that sends Ly € Mj to LioLys C
M if this composition is cleanly immersed, and is defined by the maps C'(|—) on morphism
level.

(iif) We expect the special case Ca,, resp. a,,C of both functors to be the identity functor
on Fuk(M x pt) = Fuk(M) = Fuk(pt™ xM). More generally, we will show in [BoWel]
that (Cpr, 1,,C) and (1,,C, Cpr)) form adjoint pairs, where LT, ¢ My x M is obtained
from L1 C M x My by exchange of factors.

1.2.2 The k-ary operations C*

The construction described in the previous subsection can be extended to quilted spheres
with k£ + 1 patches, where the seams are k circles that all intersect tangentially at the south
pole, and where we allow a nonnegative number of input marked points on each seam and
regard the south pole as the output marked point. (The figure eight bubble is the k = 2
case.) Considering 0-dimensional moduli spaces should define maps

Ck(— | e | _) : CF*(Ll(Zzll)kv Ll(_’lcc_l)k;) X ® CF*(L(()k—l)mL(()lc-—l)) & (1'2)
@ CFYIE M) ® - ® CF* (LY, LY))
— CF*(LJ;0:--0 L(()k—l)k’ ijll 0---0 Ll(’;c_l)k).

Note that since quilted spheres with two patches can be identified by disks mapping to the
product, C* will be equal to the map sending k cochains (zg, ..., z1) to the Ay composition

.u'locl(xkv vy m1)-

Considering the boundary strata of 1-dimensional moduli spaces of such quilts, along
with the gluing analysis in [BoWe2], leads us to the following conjecture, which generalizes
Conjecture 1.2.1.

Conjecture 1.2.4. For k > 1, the C*’s satisfy a relation (Rk), beginning with:
ch(...’cl(...),...)_—_g (R1)
202(... LOL( ), ...).,.Z(ﬂ(... |-, CM-0), )+ (R2)
+ZC1(CQ(~-- | -)ye s, G2 |- )) =0,

We therefore plan to define an A, 2-category to be a collection of objects, 1-morphisms, 2-
morphisms, and k-ary composition maps C* that send a k-tuple of composable 1-morphisms
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1

Figure 1-4: One of the domains for the ternary part of Fp,,,. Setting My := pt in Figure 1-1
is equivalent to deleting the blue patch, which leaves us with a quilted disk.

to a single 1-morphism, send an (I, ..., {1 )-tuple of 2-morphisms to a single 2-morphism as
in (1.2), and satisfy the relations (Rk) in Conjecture 1.2.4.

1.3 Applications of Symp and relations with existing construc-
tions

1.3.1 (? specializes to “symplectic Fourier-Mukai transforms”

When we set My = pt and restrict C? to a fixed object Ljs € Fuk(M; x Mz), we obtain
a curved A, functor Fy,, : Fuk(M;) — Fuk(M3). On the object level, this functor sends
Ly € M, to Ly o L1a C Ms, and on the morphism level, this functor is defined by the
maps C%( | —) arising from the moduli spaces of quilted disks with a nonnegative number of
marked points on the boundary circle, as in the right half of Figure 1-1.

These A, functors are similar to those defined in [MaWeWo| between extended Fukaya
categories. Mau-Wehrheim-Woodward sidestepped serious analytical difficulties by straight-
ening the seams in a neighborhood of the output marked point, at the price of producing a
less geometric functor. Furthermore, there is a formal similarity between our A, functors
and Fourier—Mukai transforms, functors between derived categories of coherent sheaves
that are a standard tool in algebraic geometry. Kontsevich’s Homological Mirror Symmetry
Conjecture predicts that the Fukaya category is dual to the derived category of coherent
sheaves, so we expect our A, functors — “symplectic Fourier-Mukai transforms” — to be
dual in some precise sense to Fourier—-Mukai transforms via mirror symmetry.

“Composition commutes with categorification”

Relation (R3) of Conjecture 1.2.4 has an immediate consequence for symplectic Fourier—
Mukai transforms:

Corollary of Conjecture 1.2.4. Assume Conjecture 1.2.4. If My, Ma, M3 are compact
symplectic manifolds and Lia and Lag are objects of Fuk(M, x Ma) and Fuk(My x Ms),
then the curved As functors CL ,oLy; and Cp,, o Cp,, are homotopic.

Proof. In (R3), set My := pt and fix L1o C M| x My and Lg3z C My x Ms. O

This is the analogue of the “categorification commutes with composition” statements made
for the analogous A, functors between extended Fukaya categories in [MaWeWo, WeWo2|.
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Adjunction properties implied by the relations in Symp

In this subsubsection we derive another consequence of Conjecture 1.2.4: transposing a
Lagrangian correspondence gives rise to adjoint pairs of symplectic Fourier—-Mukai trans-
forms. The impetus for considering adjunction properties came from the following fact
about Fourier—-Mukai transforms.

Proposition 1.3.1 (Prop. 5.9, [Hu|). For any object P12 € DbCoh(X1 x X2), set
Pio,L = Py ®@ mhwx, [dim(X>)], Pro.g i= Py ® miwx, [dim(X1)],
where wx, is the canonical bundle of X;. Then the Fourier—-Mukai transforms
Gp,, ., : DPCoh(X3) — DPCoh(X1),  Gpy, , : DPCoh(Xs) — DPCoh(X)
are left resp. right adjoint to Gp,,.

The analogous property for symplectic Fourier-Mukai transforms depends on Conjec-
ture 1.2.4 and the following, much smaller, conjecture.

Conjecture 1.3.2. Given a compact symplectic manifold M, the following triangle com-
mutes:

(Fuk(M ™), Fuk(M)) —%— Fuk(pt)

T |

Z/2Z-Vect .

Here A is the diagonal bimodule, where Fuk(M ™) has been identified with Fuk(M)°P

Corollary 2 of Conjectures 1.2.4 and 1.3.2. Assume Conjectures 1.2.4 and 1.3.2. If
My, My are compact symplectic manifolds and Lio is an object of Fuk(M] x My), then
(CL1y, Cp1,) 15 an adjoint pair.

Proof. Consider the following diagram:

(Fuk(My), Fuk(M;" x M), Fuk(M;)) — 2 (Fuk(Mp), Fuk(M5)
(id,C2)l czl R
(Fuk(My), Fuk(M{)) c Fuk(pt)

x\’
Z/2Z-Vect.

By Conjecture 1.2.4, the inner square commutes; by Conjecture 1.3.2, the triangles commute.
Given L2 € Fuk(M| X My), the commutativity of the outer square implies that (Ff,,, Fsz)
is an adjoint pair. O
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Figure 1-5: The two moduli spaces whose identification would yield Conjecture 1.3.3.

1.3.2 The closed-open string map as a specialization of C?

The closed-open string map [Abo| is a homomorphism CO : QC*(M) — CC*(Fuk(M))
from quantum cochains of a closed symplectic manifold to Hochschild cochains over its
Ao category. It is an important tool for studying deformations of Fuk(M), and is a crucial
ingredient in Abouzaid’s generation criterion for Fuk(M) (which has so far only been proven
in the open, wrapped setting). In this subsection we conjecture that the closed-open string
map is a specialization of geometric composition. This point of view was (at least implicitly)
suggested in [Ga] and |RiSm]|.

Conjecture 1.3.3. After identifying QC*(M) with CF*(Apr, Ay) and CC* (Fuk(M)) with
hom (idpyk(ar), idruk(ar) ), the closed-open string map CO : QC*(M) — CC*(Fuk(M)) agrees
with the geometric composition bifunctor C? : (Fuk(M), Fuk(M~ x M)) — Fuk(M) when
applied to a nonnegative number of morphisms in Fuk(M) and one endomorphism of A

Figure 1-5 illustrates the two moduli spaces whose identification would confirm Conjec-
ture 1.3.3.

Corollary 3 of Conjectures 1.2.4 and 1.3.3. Assume Conjectures 1.2.4 and 1.3.3. Then
the following diagram commutes:

QH*(M,) HF*(Lia, L12) QH" (M)

H((‘,O)l l lH(CO)

HH*(Fuk(M,)) — HH*(Fuk(M,), F§, Fuk(M2)) ~— HH*(Fuk(M,)).

Here the upper horizontal arrows are induced by the geometric composition bifunctor, after
identifying quantum cohomology with Floer cohomology of the diagonal. The middle vertical
arrow uses the identification CC*(A, F*B) = hom(F, F) for F : A — B an A functor. The
bottom arrows come from the contra- resp. covariant functoriality of Hochschild cohomology
in the first resp. second variables.

Proof. The commutativity of the left resp. right squares follows from Conjecture 1.2.4 applied
to (Fuk(M,), CF*(Any, Anr,), L12) resp. (Fuk(My), Lz, CF* (A, Apsy)). .

I expect that in situations where Hochschild homology and cohomology are dual (see [Gal),
partially dualizing the outer square in this conjectural corollary will yield a square similar
to |RiSm, Theorem 1.3].
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Chapter 2

Removing the figure eight singularity

In the case of embedded composition of Ly, and L2, where the projection
T2 :Lm X M,y Lio — MO_ X M2

is injective and hence a Lagrangian embedding, monotonicity and Maslov index assump-
tions allowed Wehrheim-Woodward [WeWo1] to establish an isomorphism of quilted Floer
cohomologies (as defined in [WeWo4|)

HF(...,Loy,Lya,...) X HF(...,Loy 0 L1, ...). (2.1)

The analytic core of the proof was a strip-shrinking degeneration, in which a triple of
pseudoholomorphic strips coupled by Lagrangian seam conditions degenerates to a pair of
strips, via the width of the middle strip shrinking to zero. The monotonicity and embedded-
ness assumptions allowed for an implicit exclusion of all bubbling, which was conjectured to
include a novel figure eight bubbling that (unlike disk or sphere bubbling) could be an
algebraic obstruction to (2.1).

Gromov Compactness Theorem 3.3.1 proves that a blowup of the gradient in a sequence
of pseudoholomorphic quilts with an annulus or strip of shrinking width gives rise to one
of the standard bubbling phenomena (pseudoholomorphic spheres and disks) or a nontrivial
figure eight bubble, as depicted in Figure 2-1. In this chapter we apply this Gromov

Figure 2-1: The left figure illustrates a figure eight bubble, the middle figure illustrates its
reparametrization as a pseudoholomorphic quilt whose domain is the punctured sphere, and
the right figure illustrates an inverted figure eight (defined in §2.1, and equivalent to the
left figure via z — —1/z). The domain of the left and right figures is C, and the point at
infinity in the left figure corresponds to the punctures in the middle and right figures.
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Compactness Theorem to show that the figure eight singularity can be removed, as [WeWol]
conjectured:

Removal of Singularity Theorem 2.1.2: If the composition Lg; o L3 is cleanly im-
mersed (immersed, and in addition the local branches of Lg; o Lig intersect one another
cleanly), then wq resp. wa extend to continuous maps on D? 2 (R x (~00,0]) U {oo} resp.
D? > (R x [0,00))U{oo}, and wi (s, —) converges to constant paths as s — +oo. If Loj o L2
is embedded, then the latter limits are equal.

This theorem is the first step in the program outlined in §1, which proposes a collection of
composition operations amongst Fukaya categories of different symplectic manifolds.

In support of §1, Appendix A also proves the analogous removal of singularities for pseu-
doholomorphic disks with a type of immersed boundary values in Lg; o L2, under the
assumption that the latter is cleanly-immersed resp. immersed. These results are not nec-
essarily new, see Appendix A for citations, but provided for the sake of completeness. It
is also conceptually useful to recast the (possibly singular) disk bubbles with boundary on
Lg1 0 L1 as squashed eight bubbles, that is as triples of finite energy pseudoholomorphic
maps

wO:Rx(—oo,O]—>M0, wlzR—>M1, wQIRX[0,00)—-)MQ
satisfying the generalized seam condition
(wo(s,O),wl(s),wl(s), ’wz(S,O)) € Lo1 Xa L2 VseR.

In §2.2 we establish a collection of strip-width-independent elliptic estimates that allow
for nonstandard domain complex structure. This is necessitated by the following analytic
formulation for the figure eight singularity: In cylindrical coordinates for a neighborhood of
infinity, the two seams become two pairs of curves approaching each other asymptotically
(see the right figure in Figure 2-1). On finite cylinders, the standard complex structure on
this quilted surface can be pulled back to a quilted surface in which the width of the strips
is constant and the complex structures are nonstandard, but converge in C° and stay within
a controlled C*-distance from the standard structure for any k > 1.

The hypothesis that My, M;, My are closed is not essential: As explained in §3, it is enough
for the symplectic manifolds to be geometrically bounded and to have a priori C°-bounds
on the various pseudoholomorphic curves. In a future paper we will treat the noncompact
setting in a more systematic way.

2.1 Removal of singularity for the figure eight bubble
In this section and the next we will be working with symplectic manifolds My, M1, M,

almost complex structures Jy, Ji, J2, and pseudoholomorphic curves with seam conditions
defined by compact Lagrangian correspondences

Loy C MO- x My, Lis C Ml— X My, (2.2)

with Loy o Lio either immersed or cleanly immersed:
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e Lg; and Lj; have immersed composition if the intersection
Loy X, Lia = (Lor x L12) N (Mo x Apry X M)

is transverse. This implies that mo2: Lo1 X, Lia = My X M3 is a Lagrangian immer-
sion, e.g. by [WeWo4, Lemma 2.0.5], and in this situation we will denote the image by
Loi o Ly := mo2(Lo1 Xum; Li2).

e If Loy, L12 have immersed composition and furthermore any two local branches of
Lo o Ly» intersect cleanly — i.e. at any intersection of two local branches there is a
chart for M x M, (as a smooth manifold) in which each of those two branches is
identified with an open subset of a vector subspace of R® — then the composition
Lo1 o Lyg is cleanly immersed.

The purpose of §2.1 is to prove a removal of singularity theorem for inverted figure eight
bubbles.

Definition 2.1.1. An inverted figure eight bubble between Lg; and Lq2 is a triple
of smooth maps

wo: —B—l(—-’i)\{O} — Moy
w= | w: C*\(Bi(3) UBy(~i)) = M)
wo . Bl(’l.)\{O} — M2

satisfying the Cauchy-Riemann equations dsw; + Jy(we)Gwe = 0 for £ € {0,1,2} and the
seam conditions

(wo(—i + €¥), wi(~i+e?)) € Loy VO#Z,  (wi(i+e?),wa(i+e?)eLiy VO#3T,
and which have finite energy
Jwwo + Jwiws + [wwe = %(flclwol2 + [ldwi|* + fldw2|2) < o,
where we have endowed M, with the metric
g¢ = we(—, Jp—). (2.3)

Throughout §2.1, the norm of a tangent vector on M, will always be defined using g;.

Fix for §2.1 closed symplectic manifolds My, My, M2, compatible almost complex
structures Jp € J(Mp,wy), £ € {0,1,2}, compact Lagrangians Lo1, L1z as in (2.2)
with cleanly-immersed composition, and an inverted figure eight bubble w between
L01 and L12.

In fact, only the arguments in §2.2 require the composition Lg; 0 L1 to be cleanly immersed,
rather than just immersed, but we assume the stronger hypothesis throughout §2.1 for
cohesiveness.

The following theorem says that the singularity at 0 of a figure eight bubble can be
continuously removed, under the hypothesis of cleanly-immersed composition.
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Theorem 2.1.2. The maps wo, wg continuously extend to 0, and the limits lim,_,o Re(z)>0 w1 (%)
and lim,_,o, Re(z)<o w1(2) both exist. If moreover the immersion mog: Lo1 X ary L1z — Mg x
My is an embedding, then the latter limits are equal so that wy also extends continuously to

0.

The proof of this theorem draws on the removal of singularity strategies in [AbbHo, §7.3]
and in [McSa, §4.5]. First, we follow [AbbHo| and establish a uniform gradient bound in
cylindrical coordinates near the puncture (Lemma 2.1.4), which we use to show that the
lengths of the paths 6 ~ wy(ee®?) converge to zero as ¢ — 0 (Lemma 2.1.3). The substantial
modification to the argument of [AbbHo| is that we must use the Gromov Compactness
Theorem 2.1.2 in order to prove uniform gradient bounds in Lemma 2.1.4. Once we have
proven that lengths go to zero, we follow [McSa] and prove an isoperimetric inequality for
the energy (Lemma 2.1.8), which we use to show that the energy on disks around the punc-
ture decays exponentially with respect to the logarithm of the radius. Here the nontrivial
modification is in the quilted nature of our isoperimetric inequality. Finally, an argument
from [AbbHo] allows us to conclude that wp and wy extend continuously to the puncture.
The continuous extension of w; follows from the gradient bound in cylindrical coordinates
and the immersed composition of Lo; and Lj3. The formal proof of Theorem 2.1.2 is given
in §2.1.2.

2.1.1 Lengths tend to zero

The first step toward the Removal of Singularity Theorem 2.1.2 is to show that the lengths
of the paths 6 — wy(ee?®) converge to zero as e — 0. This is nontrivial since the confor-
mal structure of the quilted surface near the singularity does not allow us to apply mean
value inequalities effectively, as in previous removal of singularity results for pseudoholomor-
phic curves. Hence the finiteness of energy only provides a sequence ¢ — 0 along which
the lengths tend to zero. This allowed Bottman—-Wehrheim to deduce a weak removal of
singularity in §3, but the stronger Theorem 2.1.2 will require the full strength of the gen-
eralized strip-shrinking analysis developed in §2.2 and the resultmg Gromov Compactness
Theorem 3.3.1.

In this subsection we will work in cylindrical coordinates centered at the singularity,
hence we define the reparametrized maps

ve(s, t) := wg(ez’r(s"”“)) for ¢€{0,1,2}, (2.4)
whose domains Vp, V1, Vo C (—00,0] X R/Z are given by

Vor={(s5,t) |s <0, [t= 3| <3-8()}, Var={(s8) |s<0, [t—F<F—-0(s)},
Vii={(s,t) [ <0, |t—3|<0(s) V [t—1] < 6(s)},

with
8(s) := 5 arcsin(3e?™). (2.5)

Now the paths wp(ee?) for fixed ¢ € (0,1] correspond to the following paths for fixed
s = l—%gf <0:
= <

s = v0(s, =) 1 [3+0(s), 1= 0(s)] — Mo, 72 :=wva(s,—) : [8(s), 5 — O(s)] — My,

Y= vi(s, =) ¢ [ —0(s), L +0(s)] UL —8(s), 1+ 0(s)] — M. (2.6)
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Figure 2-2: To prove Lemma 2.1.4, we assume that the cylindrical reparametrizations v; do
not have uniformly bounded gradient, then bubble off a nonconstant quilted map. In this
illustration, the bubbled-off map is a figure eight bubble.

The length of 7¢ is given by the integral £ (v9) := | |§ryf | dt over the respective domain, and

will be controlled by the following main result of this subsection.

Lemma 2.1.3. The L2-lengths of the paths 70,v!, 72 defined in (2.6) converge to zero as
8§ — —o0:

1-6(s) .~ 1/246(s) 1+60(s) 445 1/2—6(s) 4 20
Lol dt + / +f |—'y|dt+f | &y5dt — 0.
]1./2-1-9(5) L 58 1/2—0(s) 1-6(s) L 0(s) dt 1# §——00

In particular, the length €(vs) = 079) + () + £(v2) tends to zero as s — —oo.

The proof of Lemma 2.1.3 will use ideas from [AbbHo|. The novel difficulty — due to the
conformal structure — is to establish the following uniform gradient bound on |dw|, the
upper semicontinuous function defined by

|dul: (—00,0] x R/Z = [0,00), |du(s,t)|? := |dvo(s, 8)[* + |dvi(s, )2 + |dva(s, )%,
(2.7)

where the functions |dve(s, )| are set to zero where they are not defined.
Lemma 2.1.4. The gradient |dv| defined in (2.7) is uniformly bounded.

We prove Lemma 2.1.4 by contradiction: if [dvg| is not bounded for some ¢, then there is a
sequence of points (s¥,#) (necessarily with s” — —oo) at which |dvg| diverges. Rescaling
at these points produces a nonconstant quilted map, as illustrated in Figure 2-2, but this
contradicts the finite-energy hypothesis on v. The technical input the Gromov Compactness
Theorem 3.3.1. This theorem is needed to deduce that the rescaled maps actually converge.
In order to state it, we need to define the domains of the maps and a controlled fashion in
which the strip-width can tend to zero.

The following definition is the only instance in §2.1 where we allow the almost complex
structures to be domain-dependent, so that the notion of a squiggly strip quilt is flexible
enough to be used in §2.2.

Definition 2.1.5. Fix p > 0, a real-analytic function f: [—p,p| — (0, p/2], domain-
dependent compatible almost complex structures Jy: [—p, p)2 = T(My,we), £ € {0,1,2},
and a complex structure j on [—p, p]*.

e A (Jo,J1,J2,j)-holomorphic size-(f, p) squiggly strip quilt for (Loi,Li2) is a
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triple of smooth maps

v {(s,t) € (=p, p)* |t < ~f(8)} = Mo
vi: {(s,1) € (=p,0)* | It| < f(s)} = M (2.8)
v2: {(s,t) € (=p,p)* |t 2 f(5)} = M2

that fulfill the seam conditions

(UO(S’ _f(s))’ ’01(5, “f(S))) € Lo, (’U](S, f(s))’UQ(S’ f(s))) € Lo Vse (—(,0, :3)7
2.9

I
Il

satisfy the Cauchy-Riemann equations
dvg(s,t) o j(s,t) — Jo(s,t,ve(s,t)) odug(s,t) =0 VL€ {0,1,2} (2.10)
for (s,t) in the relevant domains, and have finite energy

E() = [vjwo+ [viws + [vsws < oo.

e A (Jo,J2,j)-holomorphic size-p degenerate strip quilt for Loy xp, Li2 with
singularities is a triple of smooth maps
vo: (—p,p) X (—p,0] N S x {0} = My
v=| v (—p,p) NS = M (2.11)
va: (=p,p) x [0,p) N S x {0} = Mo
defined on the complement of a finite set S C R that fulfill the lifted seam condition
(vo(s,0),v1(s), v1(s),v2(s,0)) € Lot X a1y L2 Vs € (—p,p)\S, (2.12)

satisfy the Cauchy-Riemann equation (2.10) for ¢ € {0,2} and (s,t) in the relevant
domains, and have finite energy

E(v) = [vjwo+ [viwe < oo.

When j is the standard complex structure i: 95 — &, d; — —0s, the Cauchy—Riemann
equation (2.10) can be expressed in coordinates as:

Opve(s,t) — Ju(s, t,ve(s,t))0sve(s,t) = 0.

The novel hypothesis necessary for a sequence of squiggly strip quilts of widths (f¥),en to
converge C away from the gradient blow-up points is that the widths “obediently shrink

to zero”:

Definition 2.1.6. Fix p > 0. A sequence ( Fid )ueN of real-analytic functions f¥: [—p, p] —
(0, p/2] obediently shrinks to zero, f¥ = 0, if max,c[_,, ) f*(5) p— 0 and
V=00

dk pv
sup max?e[_p,pﬂ@?f (s)' =:Cr < 0 VkeN,
veN  Minge_, o fY(s)
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and in addition there are holomorphic extensions F”: [—p, p]> — C of f¥(s) = F”(s,0) such
that (F) converges C* to zero.

We are finally in the position to bound the gradients of the reparametrized maps v, from
(2.4).

Proof of Lemma 2.1.4. We will prove the equivalent statement that the “folded maps”
ug: Up = My x M, ug(s, t) := (ve(s, t), ve(s, % —t)) for £=0,1,2
have uniformly-bounded gradients, where the domains U, are given by

Uo—{(st>|s<o—it ~6(s)},  Upi={(s,t)[s<0,6(s) <t < 3},
= {(s,1)| s <0, ~6(s) < t < 6(s)}.

These maps are pseudoholomorphic with respect to the almost complex structures jg =
Je ® (—J¢) and satisfy the following boundary and seam conditions for s < 0:

uo(s, —§) € Amy, (uo(s, —0(s)), u1(s, —=0(s))) € (Lo1 x Lo1)7,
UQ(S, ;11-) € AMz, (ul(s, 0(8)),UQ(S,0(8))) € (L12 X L12)T.

(Here 6(s) = 5 arcsin(3€?™) as in (2.5), and (Ls; x Ly;)T is the image of Lyj X L;; under the
permutation (x,, T, Uiy y]) — (i, ¥i, Zj, yj).) Finiteness of the energy of the inverted figure
eight w translates into convergence of the integral limg_, o [ (S.0]x[~1/4,1 /4]-,_1;|dy|2 < oo of
the energy density

|du|: (—00,0] x [—3,3] = [0,00),  |du(s,t)[* := |duo(s, t)|? + |dui(s, t)|* + |dua(s, t)|?,

where the functions |duy(s,t)| are set to zero where they are not already defined (so |du| is
upper semi-continuous). This convergence in particular implies

2
f(—oo,S]x[-l/4,1/4]'21‘|dﬂ| o O (2.13)

Now assume for a contradiction that there exists a sequence (s¥,tV) € (—o0,0]x[—1/4,1/4]
such that |du(s”,t”)| — oo. Since the u, are smooth, this is possible only for s¥ — —oo;
passing to a further subsequence, we may in fact assume s**! < s¥ — 1 and s! < 1/4.
Depending on whether t* is £1/4 or is contained in (—1/4,1/4), we derive a contradiction
to (2.13):

®© = +1/4. Assume t® = —1/4; the t*° = 1/4 case can be treated in analogous fashion.
Define a sequence (u§) by:

ug: Byg(0) NH — My x My, up(s,t) = up(s + s”,¢t — 1/4).
The map ug is jb-holomorphic and satisfies the Lagrangian boundary condition ug(s,0) €
Ay, for s € (—1/8,1/8). Furthermore, |du§(0,t” +1/4)| — oo, t¥+1/4 — 0 by assumption,
and the energy of uf is bounded by the energy of v, so [McSa, Lemma 4.6.5] implies the
inequality liminf, 0 [ 31/8(0)%1(1“5'2 > 0, which contradicts (2.13).

t>® € (—1/4,1/4). Define a sequence (ug,u¥,uy) of (Jo, J1, J2, i)-holomorphic size-(1,6")
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squiggly strip quilts, with
0”: 4,11 = (0, 3], 6" (s) := o= arcsin(3e*"(*Te")),
by:
ug (s, t) :=up(s + s”, t).

The energy [ By /5(0) %]dg” |2 is bounded by the energy of v, and by assumption, the gradient

|du”(0,¢¥)| tends to co. In the following sublemma we establish the last hypothesis needed
to apply Theorem 3.3.1.

Sublemma 2.1.7. The functions 6”(s) = = arcsin(3e?™(+5")) obediently shrink to zero as
v — 00.

Proof of Sublemma 2.1.7. The convergence s — —oo implies %627’(3“") — 0in CY, so the
equality arcsin(0) = 0 implies the C%-convergence of §” to zero.

To check the second condition for obedient shrinking, fix £ > 1 and note that 95’179;(5) =
%’sig(s + s¥), with 0(s) = 5 arcsin(5e2") as above. The derivative g—’gg(s) is a linear com-
bination of the functions fy(s) := (4 — e*™®)~((=1/2)e4m((=1/2)s for ¢ = 1,... m. (This can
be seen by induction starting from 99&(351 = (4 — e47%)~1/2¢275 ) This decomposition, the
inequality arcsin(z) > z for = € [0, 1], and the convergence s¥ — —co allows us to establish
the second condition:

sup DEXeel-1/41/4 | fe(s)] <su exp(4m(f — 3)(s¥ + 1/4))

veN Mige[—1/41/460"() ~ ven 7 exp(2n(s” —1/4))

= sup 4w exp(4m((€ — 1)s” + 1))
veN

< 47 exp(m).

The arcsine function extends to a holomorphic function arcsin: B1(0) — C by the
. . o0 2k Z2k+l . .
power series arcsin(z) :=» 12 %—,’:—(ﬁ, so f” extends to a holomorphic function F¥ from

[-1/4,1/4)% to C. Since the functions %ez”(z“") tend C* to zero and since arcsin(0) = 0,
the extensions F"” also tend C* to zero. a

Part (2) of Theorem 3.3.1 now implies the inequality liminf, oo [ Bl/s(o)%|dy" |2 > 0, which
contradicts (2.13). O

Proof of Lemma 2.1.3. First, note that the domain [1/2—6(s),1/2+60(s)]U[1—6(s), 1+0(s)]
of 73 has total length 46(s) = 2 arcsin(1e?™®), which converges to 0 as s — —oo. Hence
the gradient bounds of Lemma 2.1.4 immediately imply that the L2-length of v} converges
to zero as s — —oo. Moreover, these gradient bounds imply that to show the L2-lengths of
72,72 converge to zero, it suffices to fix an arbitrary e > 0 and show that the L2lengths of
Volle,1/2—¢)> Yal[1/2+¢,1—¢ cOnverge to zero as s — —oo.

Fix € > 0. We will show that the L?-length of 72|[1 /2+¢,1—¢] CONVerges to zero as s — —oo;
the proof for v is similar. Choose s so that the domain of 70 contains [1/2 + ¢/2,1 — ¢/2]

for all s < sgp. Now the C%bound on |dvg| from Lemma 2.1.4 induces a C™-bound on
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UO'(—oo,so—l]xp J2+¢,1—¢ for any m > 0. Indeed, we can apply the interior elliptic estimates
(e.g. [AbbHo, §6.3]) on each of the precompactly-nested domains

[so—k—1,s0—k]x[1/2+€61—¢€ C [so—k—2,80—k+1] x[1/2+¢€/2,1—¢€/2]

for k € N. Since for different k& these domains are translations of one other, the constants in
the elliptic estimates are independent of k, and thus yield the desired C™-bounds.
For s < sg, define

() = 3/ o 175+ (10500l + 1Brv0]?) -

Then ®: (—o0, s9] — [0, 00) is nondecreasing with lims_,_o ®(s) = 0 and

1—e 1—e
'(s) = 1 / (18500 (5, 7)[2 + |Bpvo(s, 7)|2) dr = / 1Byvo(s, )| dr,
1/2+€ 1/2+e

1—e
' (s) = 2/1/2+ (Bsvo(s, T), V%C)svo(s, 7)) dr,

where in the last quantity we are using the Levi-Civita connection with respect to the
metric go defined in (2.3). By the previous paragraph, there exists a constant ¢ > 0 so that
d"(s) < cfor all s < sy — 1. Now for any fixed § > 0 we can choose s; < sp — 1 such that
®(s1) < 8%/4c. For s < s1, we obtain:

2 K]
i‘z 2 B(s1) 2 B(s)~ (s - 3;) = /H Y@ 2 %@'(s)—%),

where the last step uses the bound on ®” to deduce ®’(a) > ®'(s) —c|s —o|. This inequality
can be rearranged to yield ®'(s) < § for all s < s1, and thus proves lim,_,_o, ®(s) = 0.
Since ®'(s) is equal to ||%72||%2([1 Ja+e1—q) and since I%'yﬂ is uniformly bounded, we have
now shown that the L2-norm of 70 converges to zero as s — —oo.

The Cauchy-Schwarz inequality implies that the L!-norm of %fyg — i.e. the length £(v3)
— also tends to zero as s = —o0. a

2.1.2 An isoperimetric inequality and the proof of removal of singularity

In this subsection, we prove Theorem 2.1.2. The crucial inputs will be Lemma 2.1.3 from
§2.1.1 together with the following isoperimetric inequality for the energy on (—oo, so] X R/Z,

E(Qa SO) = f(—w,so]xR/Z%|d2I2 dsdt.

Lemma 2.1.8. There exists C > 0 such that the following inequality holds for all s < 0:

Buis) <C Y €00
i€{0,1,2}

We defer the proof to later in §2.1.2; now, we turn to the proof of removal of singularity.
Throughout this subsection we denote

Mpo112 := My x My x M| X Ma, Moz := My x M.
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Proof of Theorem 2.1.2.

Step 1. There exist C1,Cy > 0 such that the inequality E(v;s) < C1exp(Cas) holds for all
s <0.

Fix s € 0. The following inequality follows from Lemma 2.1.8:
Lem. 2.1.8

c 2 _C
E(ys) < C;e{%;ﬂé(vg(s,—))z’§5<f(1)|dv(s,t)|dt) < = [oldv(s, DI dt

= 0L (B 9))
Manipulating this inequality and integrating from s to 0, we obtain E(v; s) < E(v;0) exp(s/C).
Step 2. The limit lims_,_oo vo(s, —) exists in C°([5/8,7/8], Mo).
F(i)x a C! embedding i: My — RY; we will show that A := lims_, oo (4 0 vol(s/8,7/8)) exists in
C°.

We begin by showing that A exists in L?, where L?([5/8,7/8],RY) is defined using the
Euclidean metric on RV. Fix s9 < s; < 0. Cauchy—-Schwarz implies the following inequality:
3 (towp)ds

1/2
dt) (2.14)
52

1/2
(51— s9)/? (/ / (i 0 vo)| dsdt) .
5/8

Since My is compact, there exists a constant of equivalence y > 0 for the norms induced by
9gM, and i*geyc, so (2.14) yields the following:

7/8
[1(3 0 vo)(s1, =) — (i 0 v0) (82, =) IlL2((5/8,7/8)) (/

82

/2
) (2.14)
[1(i 0 vo) (51, =) — (i 0 vo) (52, =)l z2(s/m7rs)y < m(s1— s2)"/? (//8 / |0svol5,,. dsdt)

Step 1
< wu 011/2(31 —_ 52)1/2 exp(C2s1/2) (2.15)

=: C3(s1 — 52)'/% exp(Cas1/2).
Write s = (m + €)s1 for m € N and € € [0,1). We have:

(3 0 o) (s1, =) = (i 0 vo)((m + €)s1, =) L2(15/8,7/8))
< [|(Z o vo)(ms1, =) — (0 vo)((m + €)s1, =)l L2(5/8,7/8))

m—
Z (30 vo)(ds1, =) = (F0v0)((J + )s1, =)lI2(5/8,7/8))

(2.16)

(2.15) m
< Cals1|? D exp(jCesi1/2)

j=1
< Cg[sl|1/2 exp(Cas1/2)
1 —exp(Cos1/2)
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Define f(s) := |a‘lt(z' o vo)(s, —)|2([5/8,7/8))- This quantity tends to zero as s = —oo:

' i Lem. 2.1.3
limsup £(s) < limsup | §vo(s, =) l2@s/sre) = 0.
S——0 S——00

We can now show that A exists in W12: We have

|(3 0 wo)(s1, =) ~ (i © vo) (82, =) lwr2(s/s,7/8)) < (0 vo)(s1, =) — (4 0v0)(s2, —)|L2(15/8,7/8))

+ f(s1) + f(s2)

(2.16) 1/2 2
29 C|s1| 7~ exp(Cas1/ )+f(sl)+f(32)’

- 1 — exp(C2s1/2)

which implies the equality

limsup sup |(iovo)(s1,—) — (i o vo)(s2, “)|W1’2([5/8,7/8]) =0.
§1—00 g9€(—00,91]

Since W12([5/8,7/8], RN) is complete, A exists in W12, The Sobolev embedding W12 — C°
for one-dimensional domains now implies that A exists in C°.

Step 3. We prove Theorem 2.1.2.

By Lemma 2.1.3, the first claim of Theorem 2.1.2 would follow from the existence of the
limits

) : 3 ) . 1
Ag = shm_ vo(8, ) Ag = sllr_n va(s, 1),
—_ 1 1 RN
A = shm_ (s, 5), Ajc: SllI}l v1(s,1).

It follows from Step 2 that Ag exists, and an analogous argument shows that Ag exists. It
remains to show that Aj, A} exist.

To show that A; exists, we will show convergence of the path

v: s+ (vo(s, % + 6(s)), v1(s, %),vl(s, %), va(s, % - 6(s))

as s — —oo. This path takes values in Mox Apy, X Mo and limg_, — o0 dpgg,,5(Y(8), Lo1 X L12) =
0 (by Lemma 2.1.4), so the distances daso;,, (7(s), Lo1 X ar, L12) converge to zero. Hence there
exists a path 8: (—o00,0] = Lo1 X ar, Li2 satisfying the equality

B dity,a(1(5), B(s)) = 0. (217)

(Indeed, define B by choosing a tubular neighborhood U of Loi X, L12, and compose 7
with the projection U — L1 X pr, Lia.) We will show that lim,, o y(s) exists by showing
that limgs_, oo B(s) exists.

Lemma 2.1.3, the existence of Ag and Az, and (2.17) imply that zg2 := lims—,— oo m02(8(s))
exists. Since mpg restricts to an immersion of Lo X pr, L12 into Moz, there exist finitely many
preimages 31, - - -, Th112 Of Zo2 in Lot X ar, L12. Choose € > 0 small enough that the preim-
age of B¢(zo2) under mo2|rq, x o consists of k connected components U?,...,U¥, with

)1, contained in UJ. Now choose sg € (—00,0] such that ma(8((—00, s0])) is contained
in Be(zoz). The image B((—o00, s2]) must then be contained in a single U;. If (s,), (s;) are
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S9 51

Figure 2-3: The start of our argument for Lemma 2.1.8 is to restrict an inverted figure eight
to an annulus centered at the singular point (the portion in the left figure between the dotted
circles), then reparametrize to a quilted tube with straight seams (the tubular part of the
boundary of the cylinder on the right). Next, we piecewise-smoothly extend to the interior
of the cylinder.

sequences with limit —oo such that 27{)1112 = lim,_, B(s,) and 55%2112 = limy, 0 B(s),) exist,
then j; and jo must be equal; since Lo1 X, Li2 is compact, this is enough to conclude
that limg_, oo B(s) exists. As noted above, this is enough to conclude the first statement of
Theorem 2.1.2.

The points (Ao, A1, A1, A2) and (Ag, A, A}, Ag) are lifts in Loy x s, L12 of (Ao, As), so if
the projection from Loj X p, L12 to Moy is injective, then Ay, A} are the same point. O

Our proof of Lemma 2.1.8 is an adaptation to the quilted setting of [McSa, Lemma 4.5.1],
which is an isoperimetric inequality for the energy near an interior point of a J-holomorphic
curve. Their argument went like this: restricting the map to an annulus, then reparametriz-
ing, yields a map defined on the curved part of the boundary of a cylinder. By a lengths-go-
to-zero result analogous to our Lemma 2.1.3, they extend this map to the entire cylinder.
Their result now follows from Stokes’ theorem, along with the isoperimetric inequality for
the symplectic area applied to the top and bottom caps of the cylinder. The difficulty in
adapting this result to the quilted setting is in the extension to the cylinder (see Figure 2-
3 for an illustration of the setup); the key will be the consequences of cleanly-immersed
composition recorded in the following lemma.

Lemma 2.1.9. There exist C > 0,¢e > 0 such that:
(i) If zo2,yo2 € Lo1 o L12 have lifts
z,z' € moy {xo2} N (Lo1 Xary L12), ¥,y € moa {yo2} N (Lot Xar, Li2)
with small distances

ma.x{dMom(a:, y)v dMnuz(x’a y’)} <€

then there exists a smooth path vo2: [0,1] — Moo with image in Loy o L2 and smooth
lifts v,~': [0,1] = Lo1 X ar, L1 that have bounded lengths

U(v02) +4(7) + €(7") < C dngy (w025 Yo2)
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A

Figure 2-4: The domains used in the proof of Lemma 2.1.8.

and satisfy ¥(0) =z, v(1) =y, ¥'(0) = ', and v'(1) = ¢/'.

(i1) For x,x' € Lo xa, L1 with dpto, (mo2(z), mo2(x')) < €, there exists a point yo2 €
LoioLi2 and preimages y,y' € Wa;(yoz)ﬂLm X pr, L1z such that the following inequality
holds:

dMoz (W02($,)1 yOZ) + di"vfoz(W(J?(m)a y02) + dMoria (z,y) + dMollz (35’1 y,)
< C dpggy (mo2(z), mo2(2')).

We will give only a brief sketch, since a formal proof is no more enlightening. The key is
that the cleanly-immersed hypothesis implies that any two branches of Lo o L12 meet like
two vector subspaces.

(i) If z,2',y,y lie in the same local branch of Loy o L12, then the conclusion is immediate.
Otherwise, z and y lie in one branch, and z’ and y' lie in another. Represent these
branches as open subsets of vector subspaces V, V' C RYN. Then zg2, yoz lie in VNV,
and we may define yp2 to be a path in V NV’ from o2 to yo2 and v (resp. v") to be
the lift to the portion of Loy X Li2 corresponding to V' (resp. to V.

(ii) If 2,2’ lie in the same local branch of Lo; o L12, the conclusion is again immediate.
Otherwise, represent the branches containing x, 2’ as open subsets of V.V’ C RY. Set
yo2 to be the nearest point in VNV’ to z, and let y (resp. y) be the lift to the portion
of Lo1 X 1, L12 corresponding to V' (resp. to V).

Proof of Lemma 2.1.8.

Step 1. We prove Lemma 2.1.8 up to an extension result, which we defer to Steps 2 and 3.
It suffices to prove the lemma for s < so < 0, where s¢ is chosen so that sups<g, 0(~), i €
{0, 1,2} is bounded by a constant § > 0 to be determined later. As illustrated in Figure 2-4,
partition the unit circle S1(0) into four segments by

AO = {(Z’,y) e 51(0) |y <z, Y < _-77}: Al = {('Try) € SI(U) | T2y, T2 _y}v
Ay = {(z,9) € S1(0) |y =z, y > —x},  Az:={(z,9) € Si1(0) |z <y, v < —y}

and set p;;+1) = Ai N Aiyq for @ € Z/4Z. Given sy, 52 with s3 < 51 < s, define maps
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ot Ai X [sg,s1] = M;, ¢ € {0,1,2,3} (where we set M3 := M) like so:

oo(exp(2mit), s) == vo(s, 5 + 6(s) + 4(5 — 20(s))(t — 2)),
1(exp(2mit), s) := vy (s,80(s)t),
( ) 8) =

( ), 8) =

q

oo(exp(2mit vg (s 9( )+ 4(5 —26(s))(t — %))»

vi (s, 3 +80(s)(t - 3)),

where we take t € [~1/8,7/8]. These maps satisfy the seam condition

o3(exp(2mit

(0i(Pii+1))s Ti+1(Pigi+1))) € Ligit1)s i € Z/4Z,

where we set Loz := LT, Lo := LT}.
In order to apply Stokes’ theorem, we will extend the maps o; to the following four
quadrants of the closed unit disk:

UO = {(:L‘,y) [S E(O,l) Iy S z, Yy < —13}, Ul = {(xay) € —B_(O’ 1) | z 2 Y, z Z _y}’
Us:={(z,9) € B(O,1) |y 2z, y = -2z}, Us:={(z,9)€B(0,1)|z<y, < -y}

Choose s = tg < t; < -+ < tx = s1 such that for every j, the diameters of the images
oi(A; x [tj,t4+1]) are bounded by é. As long as ¢ is small enough, Steps 2 and 3 below allow
us to extend o; to a continuous map &;: U; x [s2, s1] — M; that is smooth on U; X [t;, tj41],
such that the extended maps satisfy the Lagrangian seam conditions

(Ei(p, S), 5i+1 (p, S)) S Li(i+1) VpeUNU, s € [32, 81] (2.18)
Indeed, use Step 2 to define the maps &; on the slices U; x {¢;}, then use Step 3 to extend
b’i to all of Ui X [82,81].
Since wyg, w1, ws are closed, Stokes’ theorem yields the following:

E(y;[s2,51] x R/Z) < Zl > IUJX{S}UJwJ‘<CZ > )

i€{1,2} je{0,1,2,3} 1€{1,2} je{1,2,3}

where in the first inequality we have used the seam conditions (2.18), and in the second
inequality we have used the isoperimetric inequality for the symplectic area [McSa, Theorem
4.4.1]. Taking the limit as sy goes to —oo and applying Lemma 2.1.3 yields the conclusion
of the lemma.

Throughout the final two steps, the constants C; will depend only on the geometry of
Lo, L2
Step 2. There exist C > 0, kg > 0 so that if 09,01,02,03 are smooth maps with

oi: Ay = M;, (0i(Pigi+1))s Tit1(Pigi+1))) € Ligit1)s K= te{%l%( 5 diam 0;(A;) < ko,

then there exist extensions o;: U; — M; of o; such that:
(0i(p), Ti+1(P)) € Liiy1y Vp € UiNUit,

ze{r&i}és}é(azbw) + e{nfa'x) }dlamo’l(U) < Ck.
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The points

z 1= (oo(po1), o1(po1), 01(P12), 02(P12)), 2 := (00(p30), o3(P30), o3(p23), 02(p23))

lie in Loy X Lyz. Since the intersection (Lo1 X L12) N (Mo X Apg, X My) defining Lo1 X pr, L12
is transverse, there are points z,z’ € Loy X s, Li2 that are close to z resp. 2/,

dM0112(:C>z) < Cik, dMo112 (:L", 2,) < Cik, (2.19)

for a uniform constant C; > 0. The triangle inequality bounds the distance between the
projections of z, 2’:

d Mo, (T02(), To2(2")) < daggy (M02(), To2(2)) + digy (M02(2), To2(2")) + Aoy (m02(2'), To2(2'))
< Q(Cl -+ 1)}-’6.

As long as kg is chosen to be small enough, it follows from Lemma 2.1.9(ii) that there exist
lifts y,y’ € Lor X, L12 of a single point yo2 € Loj 0 L2 with small distances to z resp. 2"

dMo112(Z,Y) < Cok, dMon2 (2, Y') < Cak, (2.20)
where C3 > 0 is another constant. We can now define the extensions o; at the origin:
(60(0),51(0),51(0),52(0)) ==y,  (50(0),53(0),53(0),52(0)) =¥".
Inequalities (2.19) and (2.20) and the triangle inequality yield:
AMor12 (¥ 2) S (Cr1+ Ca)k,  duoy, (¥, 7)) < (C1 + Co)k.

The local triviality of smooth submanifolds implies that there exists a constant C3 > 0
such that after redefining ko if necessary, we may extend the maps o; to the set {(a,b) €
B(0,1)|b = %a} such that the seam conditions (2.18) hold and the length of the loop &;|sy,
is bounded by C3k. Once more redefining x¢ if necessary, we may extend each map &; to U;
in such a way that the diameter of o;(U;) is bounded by Csx for C4 > 0 another constant.

Step 3. There exists A > 0 such that the following holds. Assume that oy, 01,02,03 are
smooth maps and a < b are real numbers with:
oi: A; X [a,b]UU; x {a,b} = M;, max diamimo; < A,
i€{0,1,2,3}

(0i(2),0i+1(9)) € Ligr1y  Va € (ig+1) X [a,0]) U (Ui NUig1) X {a,b}).

Then each o; can be extended to a smooth map &;: U; X [a,b] = M; such that the following
seam conditions hold:

(0i(q),Gi+1(q)) € Ligi+1) Vqe (UynNUi) % [a,b].
Define z,z’,y,y’ € Lo1 X p, L2 like so:
z := (09,01,01,02)(0, a), x' = (09, 03,03,02)(0, a),

y := (00,01,01,02)(0,b), y = (09,03,03,02)(0,b).
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Then moa(z) = mo2(z’) and moe(y) = mo2(y’), and « resp. z’ are close to y resp. y':
dMor12 (%, Y) < 4, dMor1z (m,,y/) < 4A.

It follows from Lemma 2.1.9(i) that as long as A is chosen to be small enough, there exists
a path yo2: [a,b] = Lo1 o L1 and lifts v,v: [a,b] = Loy Xa L12 from z to y resp. from &’
to 3’ of small lengths:

2(y) +£(v') < CsA
for Cs5 > 0 a constant. Define ¢, 01, 02,03 on {0} X [a, b] like so:
(Go,01,01,02)(0,t) :=v(t), (G0, T3,53,52)(0,2) == ' (t).

The diameter of the loop (Go,51)|a((wonuy)x[a)) i bounded by 2(Cs + 1)\, so by redefining
A if necessary, we may extend (0p,01) to a map (UpNU1) x [a,b] = My x M; with small
diameter:

diam((&O,El)((Uo N Ul) X [a, b])) _<_ CG)\

for Cs > 0 a constant. Extend (61,52), (2,03), (63,00) to (U1NU2) X [a, b], (U2NUs) x [a, b],
(Us N Up) X [a,b] in the same fashion. Finally, 7i|au,x[a,)) is @ map to M; from a domain
homeomorphic to §2, and its diameter is small:

diam (5;(8(U; x [a,]))) < (2Cs + 1)A.

Redefining A if necessary, we may extend &; to all of U; X [a, b]. O

2.2 Convergence modulo bubbling for strip-shrinking

The proof of Gromov Compactness Theorem 3.3.1 relies on C¥-compactness in the presence
of a uniform gradient bound. This result is based on a strengthening of the strip-shrinking
analysis of [WeWo4] from H?NW4-convergence to C¥-convergence; we also allow the domain
to be equipped with nonstandard complex structures and the geometric composition Lg; o
Lq; to be immersed, rather than embedded. The purpose of this section is to establish
convergence mod bubbling in Theorem 2.2.1, deferring the §-independent Sobolev estimate
Lemma 2.2.8 to §2.2.2.

Fix for §2.2 closed symplectic manifolds My, M;, Mz and compact Lagrangians
Loy C My x My, Lia C M] X My with immersed composition as defined in the
beginning of §2.1.

For convenience, we will denote by (Mog,wo2), (Moz211,woz11) the symplectic manifolds

(Mo211,wo211) := My x My x M x My = (Mo x My x My X M1,wp & (—w2) ® (—w1) ® w1),
(MOQ,WOQ) = MJ X My = (MO X Ma, (-w0) Eng)

and by (Lo; x L12)T C Mgyg1; the transposed Lagrangian gotten by permuting the factors
of Moz11 by (Zo, T1, Y1, Z2) = (Z0, T2, Z1, Y1)
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The notion of “symmetric complex structure” in the following theorem will be defined in
§2.2.1.

Theorem 2.2.1. There ezists € > 0 such that the following holds: Fiz k € N>, positive
reals ¥ — 0 and p > 0, symmetric complex structures j¥ on [—p, p]? that converge C* to j®

with ||7° — illco < €, and CEF2-bounded sequences of domain-dependent compatible almost

complez structures JY : [—p, p|> = Jo(Mg,wy), € € {0,1,2} such that the Ck+1_limit of each
(J¥) is a compatible C* almost complex structures J§°: [—p, p|2 — T (Mp,wp).

Then if (v§, v¥, v¥) is a sequence of size-(8", p) (J§,JY, JY, j¥)-holomorphic squiggly strip
quilts for (Lo1, L12) with uniformly bounded gradients,

sup |dv”|(s,t) < oo,
veN, (s1t)€[_p,p]2

then there is a subsequence in which (v§(t — 8¥)), (v¥|t=0), (v5(t + 6“)) converge CE_ to a
(J§°, J$°,1)-holomorphic size-p degenerate strip quilt (vE°, v$°, v§°) for Loy X pr, Lia.

If the inequality iminf, o (s 1)ye[-p,02 [AV7[(5,2) > O holds, then v§°,v5° are not both
constant.

The analysis in our proof of Theorem 2.2.1 will be phrased in terms of pairs of smooth
maps (w02a '&}) = ((w()? w2)7 (w(,)a w/27 wllr wl)):

woz: (—p,p) X [0,p — 26} = Moz,  W: (—p,p) X [0,6] = Moz11, (2.21)
(woz2, 0)(8,0) € Apg, X Ausy, (s, d) € (Lor x L12)T Vs € (—p:p)
where § is nonnegative. From now on we denote the domains of wge and @ by

Q02,6,p = (—p1 ,0) X [Oap - 26)a @6,p = (—P, P) X [O>6]7

and combine them into the notation Qs , := (Qo2,6,0 @5,,,). We denote the closures in R? by

@02,6,;) = [’_,0, P] X [pr - 26]3 56,/) = [_p1 ,0] X [Oa 5]

For § > 0,p > 0 (resp. 6 = 0, p > 0), the setup (2.21)5 , is equivalent to a triple of smooth
maps (vg,v1,v2) with the same domain and targets as a size-(d, p) squiggly strip quilt for
(Lo1, L12) (2.8) y=s (resp. as a size-p degenerate strip quilt for Loy X ar; L12 (2.11)) and that
fulfill the seam conditions (2.9) y—s (resp. (2.12)) but are not necessarily pseudoholomorphic
or of finite energy. Indeed, given such (vg, v1, v2), define (wog, @) like so:

woa(s, t) := (vo(s, —t — 26), va(s, t + 20)), (2.22)
W(s,t) := (vo(t — 20), va(s, —t + 28),v1(s, —t),v1(s, t)).

Conversely, for § > 0 and (wop, @) satisfying (2.21)5,, define (vo, v1, v2) satisfying (2.8) s,
(2.9)=¢ (for 6 > 0) or (2.11), (2.12) (for 6 = 0) like so:

0 “20sts - 5(s, — <t<
vo(s,1) = wo(s, t + 26), 20 <t < -4, va(s,1) 1= wy(s, —t +28), &6 <t <24,
wo(s, —t — 26), t < —24, wa(s,t — 20), 26 <'t,

v (S t) o wll(sa _t)a -4 S t S O’ (2 23)
R wi(s,t), 0<t<h. '
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The transformations (2.22), (2.23) are inverse to one another.

The following proof of Theorem 2.2.1 uses several notions that will be defined in §2.2.1-
2.2.2.

Proof of Theorem 2.2.1. We divide the proof into steps: in Step 1, we show that the squiggly
strip quilts converge CI%C in a subsequence. In Step 2, we upgrade this convergence to Cl’gc.
Finally, we prove in Step 3 that if the gradient satisfies a lower bound at a sequence of points
with limit on the boundary, then at least one of v§°, v§° is nonconstant. Throughout this

proof, C; will be a constant that may change from line to line.

Step 1. After passing to a subsequence, (vg(t —8Y)), (v{|t=0), (v (t+ 6¥)) converge C. to
a (J§°, J5°,i)-holomorphic size-p degenerate strip quilt (v§°,v$®, vs®) for Loy Xar Lio.

The Arzela—Ascoli theorem implies that there exist continuous maps
vt (=pp) X (=p,0] = Mo,  of°: (=p,p) = M1,  v5°: (=p,p) X [0,0) = Mo

such that after passing to a subsequence, (v§(s,t — §")), (v¥]i=0), (v5(s,t + 6”)) converge
CP. to v§®, v{°, v$°. Standard compactness for pseudoholomorphic curves (e.g. [McSa,
Theorem B.4.2]) implies that this convergence takes place in Cl’gc on the interior (i.e. away
from the line ¢ = 0); in particular, v§°® resp. v3°® are J§°- resp. J§°-holomorphic on the
interior, hence C* by [McSa, Theorem B.4.1]. In fact, we claim that v§° and v$® are C*®
on their full domains, and that they satisfy a generalized Lagrangian boundary condition in
Lo1 X My Lipatt=0.
Denote by T the map

U= ('U(O)o(_’0)’1]?0(_),7)?0(“)’”80(_70)): ("pa p) - Mo_ X Ml X Ml_ X M2-

To show that v§°, v§° satisfy a generalized Lagrangian boundary condition in Lg; o Ls,
we will show that for any s € (—p, p), T(s) lies in Lo; X, Li2. The containment %(s) €
Mo x Ap, X Mo is clear. To show the containment T(s) € Loy X Li2, we will show that
(v§°(s,0),v{°(s)) lies in Lo1; the proof that (v§°(s), v5°(s,0)) lies in L;5 is analogous. Since
(v (s, —0%), v (s, —6")) lies in Loy, and since (v} |t=0) converges C_ _ to v$°, it suffices to show
that the distances d(vy(s,—0"),v{(s,0)) converge to zero. This follows from the uniform
gradient bound on (v}) and the convergence of §” to zero.

Let us show that v§° and v3° are C*°. We have already concluded that these maps are C*®
on the interior, so it only remains to show that they are C* at the boundary points, w.l.0.g.
at (0,0). For that purpose we choose a neighborhood U C Loy xps, L12 of T(0) such that
mo2|lu: U — Mo is a smooth embedding. Then mpe(U) C Moy is a noncompact embedded
Lagrangian, and since v§° and v§° are continuous we find € > 0 such that T((—e¢,¢€)) is
contained in U. Hence (v§°,v5°)((—¢,€) x {0}) is contained in m2(U), so standard elliptic
regularity (e.g. [McSa, Theorem B.4.1]') applied to the map (v{°(s, —t), v$°(s, t)) shows that
vg® and v3° are C*° at (0,0). Since mp2|y is a diffeomorphism onto its image, T is C*® at 0
and thus we have shown that v§°, v{°, v§° are C*.

Step 2. After passing to a further subsequence, the convergence of (v§(s,t —8%)), (v¥|i=0),
(v¥(s,t + 8")) takes place in CF

loc*

! The hypothesis of [McSa] that the Lagrangian submanifold is closed can be removed.
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In order to establish Cf . convergence near (—p, p) x {0}, we cannot rely on [McSa, Theorem
B.4.2]. Rather, we will establish uniform Sobolev bounds for all three sequences of maps.
The compact Sobolev embeddings H*¥*2 «— C* resp. H*+! < C* for two-dimensional resp.
one-dimensional domains will then provide C{fm-convergent subsequences.

Set J” resp. j¥ to be the coherent pair of almost complex structures resp. coherent
collection of complex structures resulting from the transformations (2.30) resp. (2.29) applied
to J¥, J¥, J¥ resp. 7%, and set (w§,, W”) to be the (J¥, j*)-holomorphic size-(4¥, p) folded strip
quilt resulting from the transformation (2.22) applied to (v, vy, v¥). Then wg, resp. @W”|i=o
converge CQ . to

uoz(s, t) := (v5°(s, —t),v3°(s, ) resp. (s, ) := (v5°(s,0),v5°(s, 0), v7°(s), v1°(5)),

where we have used the assumed C!-bounds on (v§), (v4). Since (J¥) resp. (J¥|i=0) resp.
(J¥) converge C*+1 to JS° resp. J{° resp. J§°, and since (JY), (JV), (J¥) are C¥*t2-bounded,
(J&,) resp. (j”|t=0) converge CF*1 to J§S resp. J®; since j¥ converges in C to j*°, the
components of j¥ converge in C%, to a coherent collection j*° of complex structures j*°.
Fix p’ € (0, p) and choose p > p1 > pa > -+ > prya = p'. Set ugr to be the restriction
and extension to Qv ,, of u as defined in (2.33). Due to the C_ -convergence of w§, resp.
@Y |t=0 to ugz resp. @ and the uniform C!'-bounds on @Y, we can express wgy resp. WY on

Q02,6,0, T€SP. Qsv 5,5, for sufficiently large v in terms of the corrected exponential maps ey, ;.

k+1

resp. eg,, and sections ({g,, Z") € I';;. as introduced in §2.2.2:

wgz = eu02‘51’ (C02)7 ,{DU = eﬁ5u (C)'

The sections (%, (¥ converge to zero in C° as v — oo, are uniformly bounded in C!, and
satisfy boundary conditions (2.34) in the linearizations of (Lg; X le)T and Mo X Apr, X Ma.

Iteration claim. We bound ||D’<’VC"||§,(Q5UW) and ”CU”ﬁ‘(Qav,pl) forl € 1,k + 2] by in-

duction on l, where H! and DV are the modified Sobolev space and the linegr delbar operator
defined in §2.2.2 using J¥, ¥, and the pair of connections V = (Vo2,V) constructed in
Lemma 2.2.4.

The first key fact for this claim is the formula
D{ (¥ = deys (¢¥) 1 (T v (eus (€¥)) — F¥(¢¥)) =: G (¢Y), (2.24)

justified in (2.37), where Ojv jv is the nonlinear delbar operator defined in (2.28). The
relevant fact here is that GV is a pair of smooth maps

G(l)/g: U32’5UTM02 — uSQ’JUTMOQ, G": ’l’l:zuTMggu — EEVTM0211

that preserve fibers but do not necessarily respect their linear structure. Furthermore, for
any k, G¥ is uniformly bounded in C*¥. The second key fact is Lemma 2.2.8, which is a
collection of §-independent elliptic estimates.

Since (¥ is uniformly bounded in C!, ¢ |t (Qse,,) @0d

1D%¢* lm@sv o) = NGT ()1 Q40 )

are uniformly bounded. This establishes the base case of the iteration.
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Next, say that ¢V and D¢, ¢” are uniformly bounded in I:Tl(qu,pl) for some [ € [1,k+1].
Lemma 2.2.8 yields:

16 tes(@ue, ) S CLUPEC I,y + 16 5@ ,)- (2.25)

It remains to bound I|DZ"CV||I~{’+1(Q51/,,,I+1)' Since ¢ is uniformly bounded in ﬁ-l+1(Q5u,pl+1 ),

it is uniformly bounded in C'~1(Qsv ,,.,) by Lemma 2.2.9, which allows us to bound

»Pl+1

“DZVCVHHIH(QJUWH):

(2.24)
1De g u,, ) < Cl( > VN IV oy

Al dm 21,
A1+ +FIdm <i+1

+ Z |“V)\1CV|_.,|V/\m€l'[“C0HO(Q6u

ors1)

Alyeeny Am>1, 7P1+1)
A+
A A Am
+ Z “|st ICVHV 2Cullv CVHICOHO(Q&V,MH))

A120,Ag, 0 Am 21,
A+ FAm<i—1

-1
< C1 (16 1 (Que py, ) + D0 IV lcorrr(@pe ) + 1)
m=0

< LI 01 (qpe ey T 1)

This, together with (2.25), establishes the iteration step and completes the Iteration Claim.

The uniform bounds on ||¢|| fk+2(Qq , ) and the C*-bounds that result from Lemma
Ok42

2.2.9 yield uniform bounds on |wg| griz(qQ, peaz)’ 10 || re+2(qs. and

Pky2)’
(10" |t=0ll fre+1 (=ppy2,0rs2)): Lhese bounds induce uniform bounds on the H’fj‘%-norms of
vg,v5 on the relevant subdomains of (—pg2, pr4o)? and on the H k+1_norms of

“1V|(—pk+2,pk+z)><{0}' The compact embeddings Hk*2 «— C* resp. H*¥t1 < CF for two-
dimensional resp. one-dimensional domains implies the desired Cff .-convergence of (v§(s,t—
8")) resp. (v{(s,0)) resp. (v5(s,t + ")) to v§° resp. v{° resp. vs°.

Step 3. We show that if for some £ € {0,1,2} and k > 0 the gradient satisfies a lower bound
|dvy (0, 7)| > K for some TV — 7 € (—p, p), then at least one of v, v° is nonconstant.

In the notation of Step 2, it suffices to show that if for some 7¥ — 7°° € [0, p) and £ > 0
the inequality |dw”(0,7)| := |dw{y(0,7%)| + |d@W¥(0,7¥)| > & is satisfied, then wuge is not
constant. We prove the contrapositive of this statement: assuming that ugs is constant, we
will show that the quantities limy o0 SUPse(o,p) [dwy (0, )| and lim,—c0 SUPyepo o [dD (0, )]
are both zero.

Since the convergence of (w§,) to wugs takes place in CL_, the quantity
limy 00 SUP;e(o,p) [dwg2 (0, t)| is zero. To see that the quantity lim,,co Supye(o ov) [d@” (0, t)]
is also zero, note that by the last paragraph of Step 1, the limit @ of (@") is also constant,
which implies the formula dw” = deg,, (¢*)(V(Y). It follows that to prove the equality

limy .00 SUPye(o,6v] [V@¥(0,t)| = 0, it wsuffices to prove the equality
limy 00 SUPe[o,6v] |V¢¥(0,t)] = 0. We can now estimate, using the Sobolev inequality
Il = llco £ Ci]| = ||z for one-dimensional domains whose lengths are bounded away from
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Z€ero:
limsup sup |§E"(O,t)| < lim sup |V¢Y(0,0)| + lim sup |§E(O, t)—@E(0,0)I
v—o0  te[0,8v) V=00 4e0,6v] Y= 4e(0,6v)

= lim sup [V¢¥(0,t) — V¢¥(0,0)|
V=00 te(0,6v)

. S SAv
< ,,li,nc}oclfo ViV ¢ (0,t)| dt

. v S Srv 1/2
< lim Cy(6 )1/ ( Jo 1VeVE¥ (0, t)l2dt)

Sobolev

. v\1/2(17 R .
Vlig)lo C1(6) ”C”]-[s(QJ,,’p) = 0.
This completes the contrapositive of Step 3, which concludes our proof of Theorem 2.2.1. O

2.2.1 Complex and almost complex structures in the folded and unfolded
setups

Gromov Compactness Theorem 3.3.1 is proved by “straightening” the seams of a squiggly
strip quilt. Pushing forward the standard complex structure from the squiggly strip quilt
to the new quilt with horizontal seams produces a nonstandard complex structure, which is
symmetric under conjugation. We axiomatize this property in the following definition.

Definition 2.2.2. Fix p > 0. A symmetric complex structure on [—p, p]? is a complex

structure j such that the equality
j(s,t) = —coj(s,—~t)oo

holds for any (s,t) € [—p, p]?, where o is the conjugation ads + 86, — ads — 0.

When a symmetric complex structure, almost complex structures, and a pseudoholomor-
phic squiggly strip quilt are “pushed forward” by the folding operation (2.22), the result is
a “coherent system of complex structures”, a “coherent pair of almost complex structures”,
and a “pseudoholomorphic folded strip quilt”, defined as follows.

Definition 2.2.3. Fix § > 0 and p > 0.

~.

e A coherent collection of complex structures j on 65,/, is a pair j = (jo2,7) =
((jOaj?)a (.Zéa ]éa]iv]l))a where Jos J2 (resp' ]67]57]17]1) are complex structures on Q02,6,p
(resp. on Q\é’ o) such that the following equalities hold for all s € (—p, p):

je(5,0) = 0 0 44(s,0) o, (2.26)
Jo(s,8) = 75(s,6), 71(s,8) = 71(s,9), j1(s,8) = —o o jp(s,8) oo, (2.27)

e A coherent pair of almost complex structures J on _Q—J,p is a pair J = (Jog, j),
where Joo, J are almost complex structures

Joz : Qo5 = J (Moz, wo2), J: Qs = T (Mog11,wo11)

satisfying the following compatibility condition: Set ¢: Mpa — Moa11 resp. m: Moo —
Moz to be the inclusion resp. projection. Then for any s € (—p,p), the following
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equality must hold:

Jo2(s,0) = —dm o J(s,0) o de.

e Fix a coherent collection j of complex structures and a coherent pair J of almost
complex structures on 65, ,- A (J,j)-holomorphic size-(4, p) folded strip quilt is a
collection of smooth maps w = (wg2, @) = ((wo, w2), (wf, wh, wi,w)) satisfying (2.21)
that have finite energy,

* ~k
fQO2 apuozwoz < 00, f@(spu wo211 < 00,

and satisfy the Cauchy—Riemann equations

B3 5w = (Bo2,J2,os Wo2, 055) = 0,
where 03 ; = (Oog, Joz’j02,5j‘3‘) is the pair of operators defined by:
B02,J02,joz W02 = (dwo, dwz) o (jo, j2)(8s) — Joz(—, woz2) © (Oswo, Bswa),

-513@ = (dw67 dwl2> dwi’ dwl) o (.76’.751.71’.71)(83) - j(_'a ﬁj) 0 (83106, aswlm 8311)’1,3311}1).
(2.28)

Given a (Jo, J1, Jo2, j)-holomorphic squiggly strip quilt (vg,v1,v2) with j symmetric, we can

produce a folded strip quilt like this: Define a coherent collection j of complex structures by
jOQ(S? t) = (jOajZ)(Sa t) = (_U ° j(S, —t— 25) o U)j(s7t + 26))7 (229)

./7?('37 t) = (j(/)ajé7jiaj1)(8a t) = (j(s9t - 25)v -0 Oj(S, —t+ 25) ©o0,—00° j(3> _t) © O‘,j(S, t))

and a coherent pair J of almost complex structures by

J()g(s, t) = (—Jo(s, -t — 25)) &) JQ(S, t+ 25), (2.30)
T = Jo(t — 20) & (—J2(—t + 20)) & (= Ji(s,—t)) ® J1(s, ).

If (wo2, W) is defined by applying (2.22) to (vo, v1,v2), then (woz, W) is a (J,j)-holomorphic
size-(4, p) folded strip quilt. Indeed, (wo2, @) have the correct domains and codomains
and satisfy the seam conditions, as discussed earlier, and the finite-energy hypothesis on
(vo,v1,v2) implies that (wgg, @) has finite energy. The Cauchy-Riemann equation (2.10) for
vo on (—p, p) X (—p, —24] can be rewritten as

dwo(s,t) o (=0 0 (s, —t — 28) 0 &) — (=Jo(s, —t — 28, (s, £))) o dwo(s, £) = 0

for wo(s,t) := vo(s, —t — 29) as in (2.22), so wy is (—=Jo(s, —t — 28), jo(s, t))-holomorphic on
Qo2,5,p- Five similar calculations complete the check that (wog, W) is (J, j)-holomorphic.
Finally, we consider the coordinate representation of a coherent collection of complex

structures. Fix a coherent collection j = ((jo,j2), (Jo, 3, J1, 1)) of complex structures on
Qjs,,- Define ao(s,t),co(s,t) € R by

jo(s, t)(as) = ao(s, t)as + Co(s, t)&t, (2.31)

42



and define a;(s,t),cj(s,t) for j € {1,2} and ay(s,t),c;(s,t) for k € {0,1,2} in the same
way. Then (2.26) and (2.27) translate into the following conditions on these coefficients:
a;(s,0) = —aj(s,0), c;(s,0) =cj(s,0) Vje{0,1,2}, (2.32)
ap(s, 8) = aa(s,d), a)(s,d) = ai(s,9), ao(s, ) = —di (s, d),
CO(sa 6) = CQ(S, 6)) C’]_(S, 6) = Cl(s) 6), CO(‘S’ 6) = CII(S’ 5)

We will use this coordinate representation in §2.2.2.

2.2.2 A collection of strip-width—independent elliptic estimates

This subsection is devoted to proving Lemma 2.2.8, which is the crucial é-independent elliptic
estimate needed for the proof of Theorem 2.2.1.

In addition to the data fixed at the beginning of §2.2, fix for §2.2.2 p > 0 and a
pair of maps u = (uo2, @) satisfying (2.21)5=0,.

Furthermore, we continue to denote by i the standard coherent collection of complex struc-
tures, and for any § € (0, p/4] we define a pair us = (uoz,, us) of smooth maps satisfying
(2.21);, by:

Uge,s 1= U02|Qoz,5,pa us(s, t) :=a(s). (2.33)

Our approach is inspired by [WeWo4|, but we deviate from that approach by working
with a special connection which allows us to drop boundary terms from the H?2-estimate
[WeWo4, Lemma 3.2.1(b)]. This special connection is constructed in the following lemma,
which is a generalization to the immersed case of a connection constructed in [We5].

Lemma 2.2.4. There is an assignment § +— V5 = (Vog,g,ﬁg) that sends § € (0,p/4] to a

pair of connections Vg 5 resp. 65 on ugy s T Moz — Qo2,5,p TESP- U3 T Mo211 — @5,p such that
the following hold:

o Parallel transport under 65 preserves U3 T(Loy x L12)T and usT(Moz2 x Ay );

e For a section ¢ € L(TT(Mo2 x Ap,)) we have Vogss(p o E) = po 65,36, where
p: U3T(Moz x Apry) = ugy sTMozlt=o is the projection;

e For 81 < &2, the restrictions of Vs,, Vs, agree:
V02611002600 = Vo200 Vaalg, , = Ve

Proof. Fix metrics on uj,TMo2 and u*TMpo11 so that given a smooth subbundle, we may
form its orthogonal complement. For any fixed s € (—p, p) we denote:
Aoo11 = Ty(s)(Lox x L12)T, A= Ty (Moz X Ang,),
Aoz :=Agai1 NA, Apz:= TWOZ,ﬂ(s)(Km)-
The transversality of Loy x Lig th My x Ay x My implies Kog = Ta(s)im, so the pro-

jection from 2502 to Apg is injective (see e.g. [WeWo4, Lemma 2.0.5]). Hence the in-
tersection of Agz and {0} X T(g,(s)a(s))DM, is trivial. It follows that if we let C; de-

note the complement of Agy + ({0} x T(gy(s);m(s))Ann ) in A, the diagonal decomposes as
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A = KOZ @ Cl & ({0} X T(ul( )ul(s))AMl) Let Cz be the complement of Kog in A0211
Transversality implies Ty(s) Mo211 = Ao211 + A, so we have deduced the following decompo-
sition:

Ta(s)Moz211 = C2 @ A2 ® C1 @ ({0} x Ty (s) 1 () A My ) -

The subspace Agg11 (resp. A) is given by the sum of the first two factors (resp. the sum
of the last three factors) in this decomposmoh Therefore, if we choose connections on
each of these four subbundles and set V to be the product connection, then extend Vtoa
connection Vs on ’u(;TM()zll — Q,;p by deﬁmng Vgs((s t) — ((s,)) 1= V(s — ((s,t)) and
deﬁnmg V5 t((s,t) = C(s t)) := Vgt = ((s t)) in terms of the Levi-Civita connection Vg,
V5 satisfies the first bullet.

Denote by p: @*T(Mo2 x Apy) — udeTMoz|t=o0 projection and by i: ufyTMoz|i=0 —
ugy T(Moz x Apy,) the inclusion defined by sending v € Ty, (5,00 Moz to (v,0) € Ty (s)(Moz X
Apg,). Define a connection PV on uge T Mozlt=o0 by (p+V V) (lo2) := poV(iolpz). Extend p.V
in any way to a connection Vg on ud, T Mog; for § € (0, p/4], define Vo 5 := Vo2|q,, 5.,- Lhe

second bullet now follows from a computation, in which (o2, 61, 61) is an arbitrary section
of a}T(M02 X AMl):

po Vsl = poViss(Coz,C1,C1) = poVss(iopol) +poVss(0,81,81) = Vozss(po).

The term po@g,s (0, El, 21) in the third quantity vanishes since the subbundle {0} X T, , @, ;) A,
is preserved under parallel transport by @573. O

We will use the connections Vg just constructed throughout the rest of §2.2.2. Due to the
third property in Lemma 2.2.4, it is unambiguous to drop the subscript and refer to Vg
simply as V. Note that this pair of connections induce connections on the pullbacks by ug s
or us of any tensor bundle of TMys or TMj211 in a canonical way.

Before we state the elliptic estimate Lemma 2.2.8, we need to define our function spaces
and delbar operators.

Definition 2.2.5. Fix r € (0,p), § > 0, and k > 2. Define the space of sections I‘{‘la(Qg,r)
and the norms || — [|gx(q;,), | — ”ﬁk(Q5 ) as follows.

o Define 1"1,}6 (Qsr) b

r* (Qs.) { (502 € Hk(QOZ,J,r7u32,5TM02)a>
sr) = ~ L
e € € H*(Qs,r, B3 TMon11)

(2.34)} :

where (2.34) denotes the following linearized boundary conditions:

(£02(5,0),€(s,0)) € TApy, X TAps,,  &(s,8) € T(Loy x L12)T Vs € (=n7).
(2.34)
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e Define two norms || — [lgx(q;,)» Il — ”ﬁ“(Qa ) on 1‘56 by:

,r

”(502’6)”%1"(‘26,0 = ”502H?‘f”(Qoz,mUSz.aTMoz) + llEIli{k(@s,r’ﬁETMozu)’
k-2

”(5027 €)||%k(Q6’T) = H(EOZ, E)Il%{k(Q5’r) + Z ||(Vl§02, vlg) “gOHl(Qs'T)
=0

k2
= ”(502’5)”12‘1’%% ot Z( sup ||Vf)2§02(—7t)||§{1((_r,r),uozyg(_,t)*TMoz)
8 Melo,r—29)

+ sup [ ) (i Tz )

te[0,8]
Note that || — ||I~{,c(le ) isa well-defined norm on I‘ﬁa (Qs,r) due to the embedding H! < C°
for one-dimensional domains. However, the constant in the bound || — || 7 Qo) < C(6,r)||—

“Hk(Qs,r) is 5-dependent.

In [WeWo4|, Wehrheim-Woodward introduced an exponential map with quadratic cor-
rections, which allowed them to treat the Lagrangian boundary conditions as totally geodesic.
Wehrheim—Woodward assumed the composition Lg; o L2 to be embedded, but their con-
struction of the corrected exponential map only used the immersedness of that composition.
We may therefore import their corrected exponential map into our setting:

Definition 2.2.6. Given r > 0 and § > 0, define the corrected exponential map ey,
and its linearization de,; and s- and t-derivatives as follows.

o Let ey; = (€ugysr€q;) be the pair of maps defined in [WeWo4, Lemma 3.1.2]; ey,
sends ¢ € T2 (Qs,) with [|¢ lleo(qs,,) sufficiently small to a pair of maps ey;(¢) =

(€ugy 5(C02) €3 (0)) satisfying (2.21).

e For poz € ugy sTMozl(s,e), Aug, 5(P02): ugg sTMo2|(sty = Teuou(poz)MOZ’ is defined by
including the fiber u82,5TM02|(3,t) into TpozuamTMog as the vertical vectors, then
postcomposing with the tangent map T(eug, 4)po; * TpoaUg2,s T Moz — Teuog,g(Pw)Mm'
The linearization deg,(p) is defined analogously.

e For pgy € uSQ’JTMogks,t), define Dgew,, (Po2) € Tewog(poz)M02 to be the vector got-
ten by choosing a flat section o of w§yTMoz|(s—e s+e)x{t} for € small, then setting
Dsewq, (Po2) := Ts(ew(0))(0s). The derivatives Dyeyy, (Po2), Dses(D), Dies (D) are de-
fined analogously, and each of these derivatives depends smoothly on the argument
Poz O P.

This exponential map will allow us to define fiberwise complex structures in the following,
which are parametrized by vector fields rather than by maps.

In the following definition of the linear delbar operator, we must go into coordinates.
Fix § > 0 and a coherent collection j = ((Jo, j2), (46, 74, 41, J1)) of complex structures on
65,,,. Then j induces via (2.31) two pairs of endomorphisms A = (AOQ,Z), C = (002,5)
of u32,5TM02,ﬂ(’§TM0211, with Copg, C defined as follows and Aog,g defined in analogous
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fashion:

Coa(s,t): Tuozyg(s,t)M02 — Tquvé(s,t)Mog, (vo, v2) = (co(s, t)vo, ca(s, t)ve), (2.35)
C(s,t): Tay(s.Mozr = Tay(s,y Moz,
(U6a 'Ué, Ull’ v1) (06(37 t)'l)é, C/2(5’ t)vé, CII(S, t)vll, ci(s, t)v1).

Note that the conditions (2.32) (which are equivalent to the coherence conditions (2.26),
(2.27)) imply that for any s € [—p, p], the endomorphisms

o~

C(s5,8),  Coa(5,0) x (Cleuy,uyy o) (50 (Cliwgury azy,)(5,0)
are scalar multiples of the identity; we will use this fact later in §2.2.2.

Definition 2.2.7. For § > 0, r > 0, k¥ > 2, a coherent collection jb of complex structures
and a coherent pair of almost complex structures J on Qs,, and § € F%E(th,r), define
the linear delbar operator D to be the following map from H 1(Q02,5,,~,u82, s TMoz2) X

Hl(éts’r,ﬂ}TMozn) to Ho(uaz,(;TMog) X HO(’QETMOQH)Z

De( := AVs(+ CV( = J()VsC
= (Ao2Vo2,s¢02 + Co2Voz,:C02 — Jo2(€02) Voz,sCo02, AV + OV —~ j(§)§s®,

where J(£) is the pulled-back complex structure

J(€)(s,t) := dew; (£(s, 1) "I (s, 8, eus (£(5, 1)) dews (€ (5, 1))
= (deuoz,é (602(3’ t))_l‘]02(5’ t Cuga,s (602(3 t)))deuoz,a (§02(3a t))v

—~

deq, (€(s,8)) 71T (5,, e, (E(s, t)))deq; (E(5,1))).

If ¢ = (Coz,C) is a pair of sections in I'2.(Qs,r), we can write 9s(ew(¢)) and 8y (e (¢) in terms
of dey;, Dseys, Diey,:

—~

3s(€u5 (C)) = (35 (euoz,s (COQ))a Os (eﬁ5 (())) = (deuoz,a (C02) (v02,s§02)

+ Dseugy 5 (Co2), dea; (O)(VsC) + Dses, (0)),
(2.36)

-~

at(eud (C)) = (at(euoz,a ((02))7 at (eﬁ,s (C))) = (deuoz,a (C02)(V02,tC02)
+ Dteugy 5 (Co2)s dea; () (ViC) + Deegs ().

This decomposition allows us to relate the delbar operator J;; from (2.28) with the linear
delbar operator D¢ just defined:

By 3(eus () = Ads(eu; (€)) + Cilews (€)) — I(s,t, €us (€))Bs(eus (€))
= dey; (¢) (AVsC + CVC — dey; ()71 (5, ¢, ew(())dews () V() (2.37)
+ (A Dseus(o +C Dtew (C) - ‘](3’ t, eus (C))DSCW (C))
=: dey; (Q)DcC + F(Q)-

The inhomogeneous term F' depends smoothly on ¢, which is crucial for the proof of Theo-
rem 2.2.1.
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The following is the main result of §2.2.2. It generalizes [WeWo4, Lemma 3.2.1], which
bounds the H'-norm of ¢ when the domain complex structure is standard.

Lemma 2.2.8. There is a constant ¢ > 0 and for every Co > 0, k > 0, and 1,7y with
0 <71 <719 < p there is a constant Cy such that the inequality

1<l e1(qs,y) < CLPeCllrq,,) T <N HO@S ) (2.38)

holds for any choice of § € (0,r1/4], a coherent collection j of complex structures on 65,,,
with ||j—1illco < € and ||j—1i||cmaxix,1y < Co, a coherent pair J of almost complex structures on
Q-(g’p which are contained in a C™**{k:1}_pall of radius Cy and which induce by (2.3) metrics
whose pairwise constants of equivalence are bounded above by Cp, and a pair of sections

¢ € TEF2(Qs,,) with [Clleo < €, Cller < Co, and [[Cl7e(q,.) < Co.

We begin by establishing d-independent Sobolev estimates for elements of Fﬁa(Q(;,r).

Lemma 2.2.9. Fizx Cy > 0, k > 0, and r1,r2 with 0 < r; < ro < p. Then there is a
constant C1 and a polynomial P such that the inequality

IV¥¢licom(s,y < Crlli€llam+2qy,) + IV DeClicor (qs,))

k—1 k—2
+P (Z IIVI€||c0H1(Q5,,)> (”C”H"‘H(Qg,r) +) ||V17>5C||COH1(Q5_T))
=1 =0
(2.39)

(where the term ||Vk_1D§C“c°H1(Q5,T) is to be omitted when k = 0) holds for any choice
of § € (0,71/4], v € [r1,72], a coherent collection j of complex structures on 65),, with
li —1illcx < Co, a coherent pair J of compatible almost complex structures on Qs , which
are contained in a C*-ball of radius Co and which induce by (2.3) metrics whose pairwise
constants of equivalence are bounded above by Cp, and pairs of sections (,§ € Fﬁ:Q(QJ,,)
with |[€]lcr < Co.

Here is the idea of the proof: [WeWo4, Lemma 3.1.4] is a uniform Sobolev inequality
for sections ( satisfying the linearized boundary conditions. Since the special connec-
tion constructed in Lemma 2.2.4 preserves the linearized boundary conditions, [WeWo4,
Lemma 3.1.4] immediately gives a bound on [[V¥(]|co HY(Qs,)- Yo derive a bound on

IValllcor (qs.,y for o € {s, t}*, we trade indices using the operator D.

Proof. We prove this lemma in two steps: first, we prove a slightly different inequality,
which has terms of the form ||V!¢||cog1 on the right-hand side. Then, we prove the desired
inequality by inductively removing these unwanted terms.

Throughout this proof, C; and P will denote a é-independent constant and -independent
polynomial that may change from line to line.

Step 1. We prove the following inequality:

k—1 k-1
V¥¢|lcom < Ch (ncnw + IV DeClcogr + P (Z uvlfucom> > nvlcncom> .
=0

=1 l
(2.40)
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We begin by proving the k = 0 case of (2.40), which is essentially a consequence of [WeWo4,
Lemma 3.1.4]. One modification must be made to that lemma: we must relax the hypothesis
that the composition Lg; o Lis is embedded to the hypothesis that this composition is
immersed. To make this modification, change the proof of [WeWo4, Lemma 3.1.4] like
so: instead of using [WeWo4, Lemma 3.1.3(c)], use the fact that for & = (&,,&1,&) €
C((—r,1),a*T Mog11),

1€ 211 ((=ryryy < Cr(I€6l a1 ((—rryy + 161 = Exll () + ITe211E N E1 (=)

where 75, is the projection onto the orthogonal complement of the tangent space of (Lgy x
L12)T. This inequality follows from the pointwise estimate |£] < C(|&hy|+ 1€, — &1+ 11 ED),
which can be proved like [WeWo4, Lemma 3.1.3b].

Next, fix k£ > 1; let us prove (2.40) for this k. Let (,£ be sections in FﬁjQ, and assume
that the other hypotheses of the lemma are satisfied. We will show that for every tuple
a=(ai,...,ar) € {s,t}*, there is a polynomial P, so that the following inequality holds:

- k—1 k—1
IValllco < Ci (uanm + IV* ' DeClcopn + Pa (Z ||Vl§||com> > nvldlcom) .
=1 =0

We prove this by induction on n¢(a) := #{m € [1,k] | am = t}.

ny(a) =0. If a = (s,...,s), then since the special connection we have constructed
preserves the boundary conditions of I‘ﬁ;"z, the desired inequality follows immediately
from the k£ = 0 case of the current lemma: ||V¥¢|lcogr < C1]|VEC| 2.

ng(a) € [1,k]. Let us prove the inductive step for some ni(a) € [1,k]. Write o =
(¢/yam =t,s,...,s). Using the assumed bound on j, we estimate:

IVaCllcons = Ve (CH(D(VET™C) = (A = J(€)VET™C))lcorn
< 1 (IVaP(VETlcors + Ve VE™ Cllcorrs + 1| Var (3 TE™1C) o
m—2 m—2
+ DIV eog + Y IVHIEO VI eorn )
=0 =0

Let us bound separately the five terms in the last expression.

VarDe(VE"™C) ||cop1.| We estimate:

IV De(Ve™™C) o

k—m—1
<V Vs ™ Dlllcomn + D Ve VE@AVET™ ¢ + 8,0V ™19, |go
=0
k—m k—m-—1
+ ) Ve VEIE)VE™ o + D IV (CVLVs, Vi VET 1) | o1

Let us bound each of the four terms on the right-hand side. The first term on the
right-hand side, ||VoV¥"™D¢(||cog1, is bounded by [V*=1DeCl|copgr. Due to the as-
sumed bound on j, the term Zf:_g"—l [V VL85 AVE—™~1¢ 4+ 9,0 VE"™=1217,0) || co g
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is bounded by a constant times El—O IV¥¢||cog- To bound the term

k—m
> IV VEIE)VE™H  leomn,

observe that the assumed bound on J yields:

k—m
[V VEIE)VE™ o < D0 IVAHHIE) YV lcopn
=1 B,v=>0,
B+y=k—2
k—1 k-1
<P (Z ||V’&ucom> D IV lcorn
=1 =1

(In the last inequality we have used the Banach algebra property of C°H!.) Finally, the
curvature of V is a tensor, so the term Zl " Vo (CVE [V s, Vi VE10) | go gt
can be bounded by a constant times 3"F=2 || V!¢||co 1.

Vo VE ™+l cogi.| By the inductive hypothesis, this term is bounded appropriately:
s COH

k=1
Vo VET™ o < C1 <||C||Hk+2 + [IV* 1Dl comn + Pavs,....s) (Z ||Vl§||COH1> X

=1

k—1
x Y IV¥llcon
1=0

N—

IV (J(E)VE™F1) |Icogr.| To bound this term, it suffices to bound ||J (&) Ve VET 1 || co g

and |[VA+1(J(€))V7HI¢||coy separately, where in the second term (3 and v are non-
negative integers with 8+ = k — 2. The quantity ||J(§)Va VE"™+1¢||comn can be
bounded using the Banach algebra property of C°H!, the assumed C!-bounds on £, and
the inductive hypothesis. Using the Banach algebra property of COH!, the quantity

VA1 (I (€)Y Cl|eoz: can be bounded by P (S [Viellcorr ) - SHS IV leorn.

3
|
N

| VE=™++1¢ || cogr. | This term is already bounded appropriately.

Vg

3
m

|lVl(J (6)VF~™+1¢)||cop1 - | By the Banach algebra property of CH?, this term is bounded

N
Il
o

by P (S 1V leor ) - A5 19 llcorn.
This establishes the inductive step, so we have proven (2.40) for all £ > 0.
Step 2. We prove (2.39) by induction on k.

As in Step 1, the k = 0 case follows from [WeWo4, Lemma 3.1.4]. Next, say that (2.39)
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holds up to, but not including, some k& > 1. By (2.40), we have:

k-1

k—1
IV*¢lleom < Ch (l!CIle + IV* 1 DeCllcors + P (Z IIVlfllcom) >3 ||vlcncoH1) -
=0

=1

Replacing the sum Zé:ol IV¥¢||coqr appearing in the last term using the inductive hypoth-
esis finishes the inductive step. O

We now turn to the proof of Lemma 2.2.8. Here is our strategy: in Lemma 2.2.10, we
bound ||¢|| g1 in terms of ||(]|| go and ||D¢C|| o, for ¢ supported in Q5. In Lemma 2.2.11, we
use Lemma 2.2.10 to bound [|[nV*¢ ||z in terms of ||¢]| 7+ and || D¢C|| g, where 7 is supported
in Qo265 and ¢ has arbitrary support. Finally, we use Lemma 2.2.11 to prove Lemma 2.2.8.

Lemma 2.2.10 (elliptic estimate for £ = 0 and ¢ compactly supported). There is a constant
€ > 0 and for every Co > 0, k > 0, and r1,72 with 0 < r1 < rg < p there is a constant Cy
such that the inequality

IV¢llzo(@s,) < C1IPeCllro(qs,) + ISlo(Qs,0)) (241)

holds for any choice of 6 € (0,71/4], 7 € [r1,72], a coherent collection j of complex structures
on Qs , with ||j—illco < € and ||j—illcr < Co, a coherent pair J of almost complex structures
on 65,,, which are contained in a C'-ball of radius Co and which induce by (2.3) metrics whose
pairwise constants of equivalence are bounded above by Cop, and sections ¢,€ € Fia(ngr) with

I€llce < €, I€ller < Co, and supp (o2, supp{ compact subsets of Qoa.s.r, Q-

Proof. Throughout this proof, C; will denote a d-independent constant that may change
from line to line, and A = (Agz, A), C = (Cp2, C) will be the endomorphisms of u32, s T Moz
and ﬁgTMozu defined in (2.35).

We begin by fixing convenient metrics on Mpe and Mpa1; that will be used for the
pointwise norms in the definition of the Sobolev norms. Via (2.3), J induces fiberwise metrics
go2, g on ugz’JTMm and u;TMo211. In this proof, however, we will use the pullback metrics

~

ge = (goz,¢, ge) of go2, g under dey, ;(£o02), deg; (€); note that g¢ is J(§)-invariant. If we pick

e > 0 to be sufficiently small, then dey; (&) is CO-close to the identity, and hence the induced

norms || — |l¢ g+ on 'k, (Qs,) are equivalent to the standard norms || — || gx = || — |lo g
With these metrics we calculate for ¢ € Fﬁa compactly supported and & € T'2 5 Satisfying

1€lico(Qs,) < € and [[VE]lco(q,,) < Co:
IDeClE 110 = [, (IVsCIZ + AV SCIE) +206(AVsC, CViC) + [CV(IZ) dsdt

+ [ @, (96(CVsC, I(E) Vi) — 9¢(CVC, I(€) V() disdt.
(2.42)

Let us estimate the two integrals on the right-hand side separately. We begin with the first
integral:

Ja;, ((IVsCIE + [AVCIE) + 296(2AVC, 5OViC) + [CV () dsdt (2.43)

AM-GM
=" Ja, (19 = 34D + HIOVCIE) dsdt 2 §IVCIE o,
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where the last inequality follows from the hypothesis ||j — i|| < € as long as € is chosen small
enough.

To bound the second integral on the right-hand side of (2.42), we first derive a convenient
formula for its integrand:

9e(CVsC, I(E) Vi) — ge(CV:(, I (V) (2.44)
= (85(9e(C¢, I(E)ViQ)) ~ (V5ge)(CC, I(€)ViC) — ge((VsC)¢, I () V)
— 9¢(C¢, Vs(J(€))ViC) — ge(C¢, I (€)VsVig))
— (8:(9e(C¢, I()VsC)) — Vi(ge)(CC, I(€)VsC) = ge((ViC)¢, T () V()
— 9e(CC, V(I(€)VsC) + 9e(CC,I(E) Vs, VilC) — ge(CC, I (6) VeV L))
= (05(96(C¢ I (E)V0)) = 8e(9(C¢, IOV 0)))~((Vs9e)(CC, T () Ved) = (Vege) (C¢, I (£) V()
— (9e((VsC)¢, J(E)ViC) — ge((V:O)C, T(E)VsC)) — 9e(CC, V(I (€)) Vi — V(I (€))VsC)
— g¢(C¢, I (O)[Vs, V40).

We can now use Green’s formula and the assumed C!-bounds on j, J, and ¢ to bound the
second integral on the right-hand side of (2.43):

J Qs (96(CV(, I(O)ViC) — 9¢(CVi(, I () V() didlt

C2 [ x96(CC IOV dsdt — [, o 5e(CC T(E)V,0) dsdt (2.45)

~ [ qs, ((Vsg6)(CC, I () ViC) = (Vege)(CC, I () V() dsdt
— [ q;. (96((VsC)G I (E)VC) — 9e((VeC)E, () V() dsde
— [ s, 9¢(CC, VI (€) Vi = Vi(I())VsC) dsdt — [q, g6(CC, I(€)[Vs, ViI() dsdt

AM-GM 1 2 9
2 —IQMCIKE(IQE + |VC|€) dsdt 2> —3 |V<”5,H0 - Cl”C”g,Hm

where in the first inequality we have eliminated the integrals over the ¢t = 0 and ¢ =
J boundary via the coherence condition on j and the fact that g¢(¢,J(§)Vs()|t=o and

o~ o~

§€(E , J()VsQ)|s=s vanish. Indeed, 'g}(f , J(€)V4()|s=s vanishes by the Lagrangian bound-
ary condition:

o~

(G, JE)VsCelims = wom (deq, (€)C, T(eq, (§)) deq; (€) Vo) li=s
= —wop11 (deg; ()¢, deg; (€)VsO)li=s = 0,

where we crucially used the fact that both the exponential map deg; (E ) and the connection v
preserve T(Lo; x L12)T. The boundary term g¢(¢, J(€) V() |t=0 vanishes due to the facts that

dey, (&) preserves TA s, X TApg,, V satisfies Vo2,5¢02|t=0 = po Vs(|t=0 for p: Mo211 — Mo2
the projection, and wog, w211 satisfy wo211|Tmg,xTA My = —p*woa:

(¢, J(€)VsC)¢lt=0 = —woa(deuq, ;(€02)C02, deuq, 5 (€02) Vo2,5¢02) | t=0
— woz11(deg, (€)C, dea,; (€)Vs€) =0
= ~wo2(deyg, 5 (£02) (P 0 C), deuqy 5 (€02) (P 0 Vo)) le=0
+ p*woz(deg, (€)¢, deg; (€) VsQ)li=o = 0.
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Combining (2.42), (2.43), and (2.45) yields the following inequality:
IDeCIIZ o = §1IVCIZ 10 — CLllCIE pro-

Adding C'1||C||g o to both sides of this inequality and taking the square root of the result,
we obtain:

IV¢le o < CrllDeCIE pro + ISIE £r0) % < C1lIPeClle o + NIC g, o)

In this estimate, we may replace || — [|¢ go with || — || zo by using the J-independent uniform
equivalence of these norms, which yields (2.41). O

Lemma 2.2.11 (elliptic estimate for k > 0). There is a constant € > 0 and for every
Co>0,k>0, and 0 < r1 < 7rg < p there is a constant Cy such that the inequality

HT)V’CC"Hl(Q‘;,) < Cl(“DCC”ﬁk(QGYT) + l|<,l§k(Q5,r)) (2-46)

holds for any choice of § € (0,71/4], v € [r1,72], a coherent collection j of complex structures
on Qs , with ||j —illco < € and ||j — illemaxte1y < Co, a pair I of compatible almost complex
structures on 65,,, which are contained in a C™¥{k1}_pgi] of radius Cy and which induce
by (2.3) metrics whose pairwise constants of equivalence are bounded above by Co, a pair of
sections ¢ € TEF2(Q;,) with ||¢]lco < €, |I¢ller < Co, and ”CHﬁk(Q&r) < Cy, and a smooth

function n: @02’5,,. — R with ||n||ck+1 < co and suppn C Qoz,s,r-

Proof. Throughout this proof, C; will denote a é-independent constant and P will denote a
d-independent polynomial, and both may change from line to line.

We break down the proof into several steps: in Step 1, we establish (2.46), but with
an extra term on the right-hand side. In Step 2, we bound this extra term, using different
arguments in the k # 3 and k = 3 cases. In Step 3, we establish (2.46).

Step 1la. We prove the following inequality:

InVacla < Cr (1Pl + il + Y- InVPA(Q)TVolll0) (247)
Bz
fora=(s,...,s).
k

Since the connection V preserves the linearized boundary conditions and 7 is supported in
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Qo2.5r, We may estimate ||nV¥(| ;1 using Lemma 2.2.10:

InVEC g1 < CLIDe(VE) o + IV EC||£r0)

= Cl(“’l’lkaHHo + an’m(g Z( > (BLAVEHIC 4+ 8LOoVETIVL()

k

k
+Z( IO = S v, VT

=1
— (9sn(A = J(Q)) + Coin)
< C1(IDcClze + Il + D [ITVP@E) V'Vl 10)-

821,720,
B+y=k

Step 1b. We prove (2.47) for a general multiindex o of length k.

We establish Step 1b by induction on ni(a) := {#m € [1,k] | @y = t}. Step la is the
base case for this induction. For the inductive step, fix o with ni;(a) > 1, and write
a=(d,am=t,s,...,s). We estimate:

N’

k—m

NVl = INVa (CTHD(VE™C) — (A= J())VETHO)
< (¢ ax + IV aDe(VE™O N + InVa VE™ | g1 + IV (FQ)VET™HE) 1 1)

k—m
—m k—m —m— —m—
=Cl(||<||Hk + ana,(v’; D¢~ ( z )(agAvl; mettie | lovE-miy o)
=1

k—m h—m

- ) ] e

+ 3 (MR- 3 ovi i, vavi i)
=1 =1

+ Ve VE el + [0V ar B VET™ ) 111 )
< C(IPcClles + Wl + 3o InVA@C)V Vicllao ),

821,720,
B+y=k

where in the last inequality we have used the inductive hypothesis to bound ||nV o V¥~ || 1.

Step 2a. In the k # 3 case, we prove the following inequality:

D> InVPA)V'VeCllao < Crli¢ll - (2.48)

B21,v20,
B+y=k

It follows from the assumption k # 3 that if 3,y > 1 satisfy 8+~ = k+1, then min{3,v} <
max{k—2,1}. Furthermore, the assumption ||{|| 5 < Co implies the 1nequa11ty IKllgr-2 < Ch
by the embedding of H* CO for one-dimensional domains whose lengths are bounded away
from zero. This, along with the assumed C!-bound on ¢, yields (2.48) in the k # 3 case.
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Step 2b. In the k = 3 case, we prove the following inequality:

> 1IMVeI(Q))V4VsCllae < CrllPellgs + ISl gs + 6210Vl gs).  (2.49)

821,420,
B+y=3

The assumed C!-bound on ¢ implies that the only term in the left-hand side of (2.49) that
is not immediately bounded by C1l|¢|| 3 is [nV2(I(¢))VV sC|| go-

Choose smooth maps

S, U: a*TMozll - 17* hom((TM0211)®2,TM0211),
T: a*TMogll —u* hom((TM0211)®3,TM0211),
V: a*TMogu —u* hom(TMogll, TM0211)

so that the formula
V2(J(0)) = SC)(VE) + T)(VE V) + UQ)(VC) + V(©) (2.50)

holds, where the maps S, T, U, V preserve fibers but may not respect their linear structure.
Since J is bounded in C3, S,T,U,V must be bounded in C!. We may now use (2.50) to
bound the hat-part of ||nV2(J())VV(|| go:

InV2(T(C)VVCllo < CLllCllz2 + ISC) (V) VYV Cll 1r0)
= C1 (Il a2 + V(S V) VE) = V(S (aV2))VE  (2.51)
+ S VIV, VilCllmo)
< C1(lIC s + 6218 (V%) VCIco )
< C1(II€la + 6218 VD) licorn 1VC o),
where in the last inequality we have used the d-independent Banach algebra property of

C°H!. By Lemma 2.2.9, ||V{||coz: is bounded by C1(IDCl 2 + ISl ;z3) and therefore by
C1¢|l j2; on the other hand, the C'-bound on S and the C!-bound on ¢ implies the inequality

1S(O) (V20| copn < C1/InV2C)|cog1. Substituting these inequalities into (2.51), we obtain:

A A AN A

InV2(TC)VVsCllrro < C1ll¢las + 8 21ICl gallnVClieorn) < Cr(lICh s + 51/2I|77V2€|Ico;13)~
(2.52

Next, we use Lemma 2.2.9 to bound ||[nV?([|co g

17V %¢lleorsr < C1(ll€ll gs + 1V () lleorr)
< CilllnCllzs + IVDeOlleorss + 1Sl s) + PUIVEllcon) SNz, + 1PcCllcorn)
(2.53)
< CrIDeCllggs + ISl s + IV3¢Hat) + PUICH ) IS 772
< Gl s + ¢l ga + InV°Cl an),

where the last inequality follows from the assumed bound on ||C||zs. Substituting (2.53)
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into (2.52), we obtain:

InVA(T(E)VVCllmo < CLll¢lns + 82Ul s + ICH s + ImV3Cllarn)) (2.54)
< CIPeCl ggs + ISl gs + 821Vl o).

To bound the 02-part of |[nV2(J(¢))VVsC||fo, we use the the fact that the domains
Qo2,6,r satisfy a uniform cone condition:

Hélder
MV32(Jo2(C02)) VorVor,sCozllmoy < CillVEa(Jo2(Co2)) |24l VEoC l o (2.55)
< Ci(1+ (Kl a3) IS 2,
where the second inequality follows from the Sobolev embedding H! < L* for two-dimensional

domains satisfying a cone condition. Combining (2.54) and (2.55) and using the assumed
bound on [[{|| 75 yields the desired bound:

InV2I())VVslllgo < CrlllPlligs + ISl 7o + 52 IV3¢ ).
Step 3. We prove Lemma 2.2.11.

The k # 3 case of Lemma 2.2.11 is an immediate consequence of Steps 1b and 2a.
Toward the k = 3 case of Lemma 2.2.11, let us show that there exists §p € (0,r1] such
that (2.46) holds for § € (0, dp]. Combining (2.47) and (2.49) yields the following inequality:

InV3¢lm < CrllPCligs + 1€l + 62NVl ) (2.56)

If we set Jp := min{(2C;)~2,r}, where C; is the constant appearing in (2.56), then (2.56)
yields the uniform inequality [[7V3(|[z: < C1(|DcCllgs + €] 575) for all & € (0, &o).

It remains to establish the k = 3 case of (2.46) for § € [dp,71]. To do so, we begin by
bounding ||V2(J(¢))V?(| o, using the fact that the domains Qs, satisfy a uniform cone
condition for § € [dg,71/4]:

2 9 Hoélder 2 9 Sobolev
IVFIO)VCllae < CillVEIONellVClle < G+ Kz )l r2e (2-57)
< Cr(L+ (Il lICl e < Cali€llms.

Substituting (2.57) into (2.47) yields the k = 3 case of (2.46) for § € [do,71/4]:

Inv%¢llmn < (1Dl + iclls + Y- InVE@C)V"icllaro) < CLllDeClls + I€ms)-

821,720,
B+vy=3

a

Proof of lemma 2.2.8. Lemma 2.2.8 follows immediately from Lemmata 2.2.9 and 2.2.11.

Indeed, choose 1: Qpg5,, — R to be a smooth function with 77'6025 = 1 and suppn C
18,7

Qo2,6r,- C1 and P will denote a d-independent constant and a d-independent polynomial

that may change from line to line. Lemma 2.2.11 yields a bound on [|¢||gr+1(q;,,):

1<l mers(Qany) < IClliersqs,yy < Crllelznay, ) + 1PClincq,,,):  (259)
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Lemma 2.2.9 yields a bound on 3% “vlCHCOHl(QJ,rl):

x
—

IV ¢lleorr(@s,y) < Crl€llarsi(qs,,,) + “DCC“ﬁk(Q&”))'I- (2.59)
!

Il
=]

+ Pl zxqs,)) - (ISl(@s,,) + 1Pl x-1(q,)

(2.60)
(2.58)
= Cl(”DCCHFIk(Q&’TZ) + ”C”ﬁk(Qémz))’
where in the second inequality we have used the assumed bound on ||{]| Q)" Combining
371
(2.58) and (2.59) yields ”C”ﬁk-&—l(Qé’Tl) < Cl(II'D&Hﬁk(Q&W) + ”C”ff’“(an))’ which can be
used to inductively prove the desired inequality (2.38). O

We will not use the following proposition in this paper. However, it will be used in
[BoWel] to show that the linearized Cauchy-Riemann operator defines a Fredholm section.

Proposition 2.2.12 (linear elliptic estimate for k = 2). There is a constant € > 0 and for
every Co >0, k>0, and 0 < r; < 19 < p there is a constant Cy such that the inequality

1€ x+1(Qs,r) < CLUIPEC 1 (Qs,y) T IS EO(Q5 1))

holds for any choice of § € (0,r1/4], a coherent collection j of complex structures on Q—(;,p
with ||j — i|lco < € and ||j —il|c2 < Co, a pair J of compatible almost complex structures on
Qs which are contained in a C2-ball of radius Co and which induce by (2.3) whose pairwise

constants of equivalence are bounded above by Cy, and two pairs of sections (,€ € FZ:_2(Q5’7‘2)
with ||€]lco < € and ||€]|cr < Co.

The proof is an easier version of the proof of Lemma 2.2.8.
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Chapter 3

Compactness

In this chapter, which is joint with Katrin Wehrheim, we establish a Gromov compactness
theorem for strip shrinking in pseudoholomorphic quilts when composition of Lagrangian
correspondences is immersed. In particular, we show that figure eight bubbling occurs in
the limit, argue that this is a codimension-0 effect, and predict its algebraic consequences —
geometric composition extends to a curved Ayo-bifunctor, in particular the associated Floer
complexes are isomorphic after a figure eight correction of the bounding cochain.

Philosophical Remark: In the early days of pseudoholomorphic quilts, the relevance of
figure eight bubbles was doubted. We hope that this chapter puts those doubts to rest. As we
summarize in §3.1.2 and explain in §3.4, figure eight bubbling cannot be a priori excluded for
dimension reasons, and will contribute to the algebra. So even if e.g. the isomorphism (2.1)
of Floer homology under geometric composition was to be proven with methods other than
strip shrinking, one must in general expect figure eight type obstructions. However, figure
eight bubbles should be viewed as a tool rather than an inconvenience: For instance, they
provide a cochain for Loy o Lig so that (2.1) continues to hold in more general situations
than [WeWol] considered. More generally, fully embracing figure eight bubbles will yield a
natural 2-categorical structure on the collection of all compact symplectic manifolds, which
will unify and extend a wide variety of currently-known algebraic structures.

While this chapter only provides substantial evidence for these algebraic results (or “proofs
up to technical details” depending on ones standards of rigour), it does demonstrate in full
detail that figure eight bubbling is in fact analytically manageable: Section 3.2 gives rigorous
definitions of “squiggly strip shrinking” and the novel bubble types — figure eight bubbles and
squashed eight bubbles — and establishes lower bounds as well as topological controls on their
energy. A full removal of singularities for the new bubbles is established in [Bol]. Section 3.8
shows how the full diversity of bubble types appears in the Gromov compactification for
“squiggly strip shrinking”. Moreover, Appendiz B in collaboration with Felix Schmdschke
provides the first nontrivial ezample of a general figure eight bubble.

3.1 Introduction
3.1.1 Analytic Results

The compactness analysis in §3.3 will for ease of notation be performed in the special case of
quilted squares with seam conditions in Lg;, L12 and the width of the strip mapping to M,
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converging to zero. However, it generalizes directly to the following result for strip or annulus
shrinking in pseudoholomorphic quilts. (For an introduction to quilts, see [WeWo3].)

Gromov Compactness Theorem 3.3.1: Let Q" be a sequence of quilted surfaces con-
taining a patch @} diffeomorphic to an annulus or strip, equipped with complex structures
in which the width of @Y tends to zero as v — oo. (For allowable squiggliness — i.e.
variation of width — see Definition 3.2.2.) Label the patches of Q” with a tuple M of
closed symplectic manifolds (or noncompact ones without boundary which come with a pri-
ori C%bounds as discussed in Remark 3.3.4), let M; and My, M2 be the labels of Q% and
the adjacent patches, and fix compatible almost complex structures over each patch. Fix
compact Lagrangian seam conditions for each seam of Q" so that the Lagrangian correspon-
dences Lg1, L12 associated to the seams bordering Q) have immersed composition Lgj o Li3.
Now suppose that (v¥),en: @ = M is a sequence of pseudoholomorphic quilts of bounded
energy with the given seam conditions.
Then there is a subsequence (still denoted (v”),en) that converges up to bubbling to
a punctured pseudoholomorphic quilt v*°: @Q*°~\Z — (M~\M;). Here Q% is the quilted
surface obtained as limit of the @” by replacing Qf with a seam labeled by Lo o Lig,
Z is a finite set of bubbling points, v*>° satisfies seam conditions in the fixed Lagrangian
correspondences and for the new seam in Lg; o Lis (in the generalized sense of (3.2)), and
convergence holds in the following sense:
e The energy densities |dv”|? are uniformly bounded on every compact subset of Q*\Z,
and at each point in Z there is energy concentration of at least i > 0, given by the
minimal bubbling energy from Definition 3.2.7.

e The quilt maps v¥ |Q"\(Q‘1’UZ) on the complement of Z in the patches other than QY
converge with all derivatives on every compact set to v.

e At least one type of bubble forms at each point z € Z in the following sense: There is
a sequence of (tuples of) maps obtained by rescaling the maps defined on the various
patches near z, which converges C. to one of the following:

a nonconstant, finite-energy pseudoholomorphic map R? — M, to one of the sym-
plectic manifolds in M (this can be completed to a nonconstant pseudoholomorphic
sphere in Mp);

|

— a nonconstant, finite-energy pseudoholomorphic map H — M,~ x M, to a product of
symplectic manifolds associated to the patches on either side of a seam in QY, that
satisfies the corresponding Lagrangian seam condition (this can be extended to a
nonconstant pseudoholomorphic disk in M~ X My, in particular including the cases
of disks with boundary on Loy C My x Mj or L1g C M| x My);

— a nonconstant, finite-energy figure eight bubble in the sense of (3.1) below;

- a nonconstant, finite-energy squashed eight bubble in the sense of (3.2) below, with
generalized seam conditions in Lo o L.

Gromov compactification of strip-shrinking moduli spaces: Note that the above par-
tial Gromov compactness statement only requires the composition Lg; 0 L1o to be immersed.
If the self-intersections of this immersion are locally clean, then the results of [Bol] allow us
to remove the singularities in the limits of the main component as well as the figure eight and
squashed eight bubbles. Moreover, the techniques of [Bol] also provide “bubbles connect”
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results for long cylinders, so that a “soft rescaling iteration” (guided by capturing all energy)
will yield the following full Gromov compactification of a moduli space with squiggly strip-
(or annulus-) shrinking in terms of bubble trees: On the complement of the new seam, these
trees are made up of trees of disk bubbles! attached to the seams, with additional trees of
sphere bubbles attached to the disks, seams, or interior of the patches. On the new seam,
as indicated in Figure 1-2, starting from the root, every bubble tree starts with a (possibly
empty or containing constant vertices) tree of squashed eight bubbles. Attached to this are
figure eight bubbles (possibly constant) in such a way that between any leaf and the root
of the complete tree there is at most one figure eight. Trees of disk bubbles with boundary
on Lo; resp. Li2 can then be attached to the corresponding seams of the figure eight bub-
bles. Finally, trees of sphere bubbles can be attached to the interior of each patch or the
seams in this bubble tree. The hierarchy in this compactification is illustrated in Figure 3-2
(including the additional complication of Morse flow lines). We will not provide a detailed
construction of this compactification in the present chapter, whose point is to establish the
foundational analysis. The full compactification (including Morse flow lines) will be part of
the polyfold setup in[BoWel].

Singular quilt bubbling phenomena: Beyond the standard bubbling phenomena (holo-
morphic spheres and disks) our Gromov compactification for quilts with strip-shrinking
involves two new types of bubbles: A figure eight bubble is a tuple of finite-energy pseu-
doholomorphic maps

wo: R x (—o0,—3] » Mo, wi:Rx[-3,3] > M, w:Rx[}o0)o> M (31)
satisfying the seam conditions
(wo(s, —%),wl(s, —%)) € Loy, (wi(s, %),wg(s, %)) € Lo Vs eR,
while a squashed eight bubble is a triple of finite-energy pseudoholomorphic maps
wp: R X (—00,0] — Moy, wi: R — M, wy: R x [0,00) = My
satisfying the seam condition
(wo(s,0), w1(s), w1(s), wa(s,0)) € Lor Xm, L1z Vs €R. (3.2)

Remark 3.1.1. Both of these bubbles are of singular quilt type in the sense that we cannot
generally expect a smooth extension to a quilted sphere. For the squashed eight bubble this
results from the boundary condition Lg; o L19 generally just being a Lagrangian immersion.
For the figure eight bubble this is due to the way in which the two seams intersect at infinity:
After stereographic compactification to a quilted sphere, they touch tangentially rather than
intersect transversely, which would allow a description of the singularity in terms of striplike
ends. Nevertheless, if the composition Lg; o Li2 is cleanly immersed, then the removable
singularity result in [Bol] shows that wq(s,t) = po € Mo and wa(s,t) — p2 € My have
uniform limits as s2 + t2 — oo, whereas w;(s,t) — pli € M; has two possibly different
limits as s — oo, both of which are lifts of (pg,p2) € Lo; o L12, that is (pg,pf,pf,m) €
Loy <, Lao.

! Here we identify spheres with a single circle as seam and two patches labeled by My and M, with disk
bubbles in M, x M, by “folding” across the seam as in the portion of the proof of Theorem 3.3.1 treating
the (D01) case.
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Recall that even smooth removal of singularity generally does not provide lower bounds
on the energy of bubbles except in situations with simple topology; see Remark 3.2.10. In
83.2 we establish this lower energy bound for figure eight and squashed eight bubbles by
purely analytic means.

Lower Energy Bound Lemma 3.2.8: For fixed almost complex structures and La-
grangians with immersed composition Lg; o L2, the energy of nontrivial figure eight and
squashed eight bubbles is bounded below by a positive quantity.

Finally, Appendix B in collaboration with Felix Schméschke explains how pseudoholo-
morphic disks and strips can be viewed as special cases of figure eight bubbles, and we
provide an example of a nontrivial figure eight bubble with embedded composition Lg; o L12
and target spaces My = My = CP3, M; = CP! x CP.

3.1.2 Algebraic consequences of figure eight bubbling

We establish our analytic results in settings that will allow us to describe compactified
moduli spaces of pseudoholomorphic quilts with shrinking strips as zero sets of Fredholm
sections in polyfold bundles. This will put the universal regularization theory of [HoWyZe2]
at our disposal. In particular, there will be no need to prove a separate gluing theorem for
exhibiting configurations with figure eight bubbles as boundaries of the compactified moduli
space: Pre-gluing constructions outlined in §3.4.1 will provide polyfold charts with bound-
ary for bubble trees of (not necessarily pseudoholomorphic) quilted maps, and the proof of
the nonlinear Fredholm property of the quilted Cauchy-Riemann operator in this polyfold
setup will be essentially a version of the quadratic estimates in the classical gluing analysis
(which in our case should follow from combining the results of [WeWol| and [Bol]). More-
over, the boundary stratification of the ambient polyfold will directly induce the boundary
stratification of the (regularized) moduli spaces. This offers a semi-rigorous method for
predicting algebraic consequences: If the considered moduli spaces can be cut out from
ambient polyfolds, then the algebraic identities are given by summing over the top boundary
strata of the polyfold. Furthermore, if the local charts for the polyfold arise from pre-gluing
constructions (as has been the case in all known examples), then the boundary stratification
can be read off from the gluing parameters. We thus analyze in §3.4.2 the boundary strata
predicted by our Gromov-compactification in the case of strip-shrinking used to prove (2.1).
Based on that, §3.4.3 gives a fair amount of detail on the extension of these moduli spaces
by Morse trajectories. This is desirable for easy polyfold implementation as well as reducing
algebraic headaches by working with finitely generated chain complexes. Finally, we use this
analysis of boundary strata to predict in §3.4.4 a generalization of the isomorphism (2.1) of
Floer homology under geometric composition.

Besides a Fredholm description of figure eight moduli spaces and generalization of (2.1),
another motivation for developing the analysis described in §3.1.1 is to obtain a new approach
to the construction of the A-functors associated to monotone Lagrangian correspondences
in [MaWeWo|. Whereas the latter requires a technically cumbersome construction of quilted
surfaces with striplike ends and regular Hamiltonian perturbations, and is heavily restricted
by monotonicity requirements, a polyfold setup for figure eight moduli spaces will provide
a direct construction of curved? A.-functors for general Lagrangian correspondences. As

2 Disk bubbling gives rise to mo terms in all A-relations, so that in particular squares of differentials
can be nonzero. This can be thought of as allowing curvature, hence we follow e.g. [Au] and denote this
generalized type of Aso-relations by the prefix “curved”.
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we have explained in Chapter 1, we will be able to work directly with the singular quilted
surfaces that realize the multiplihedra in [MaWo], since these are special cases of figure eights
with My = pt and marked points on boundary and seams. Analyzing moreover the boundary
stratification of general figure eight moduli spaces, we arrive at the conjecture that geometric
composition is encoded in terms of a curved Ay -bifunctor, which in turn specializes to the
desired generalization of the Ao-functors in [MaWeWo|. In fact, these methods can be
extended to generalizations of figure eight moduli spaces, leading to a conjectural symplectic
(00, 2)-category that we will further investigate in future work. While the complete polyfold
construction of these new algebraic structures in [BoWel] will be lengthy since we aim
to provide a technically sound and easily portable basis for all future use of quilt moduli
spaces, its rough form and algebraic consequences are already so apparent from our current
understanding that it seems timely to give this semi-rigorous exposition. We do so in order to
motivate the development of this theory and enable investigations of its future applications.

3.2 Squiggly strip quilts and figure eight bubbles

The purpose of this section is to establish a general setup for squiggly strip shrinking in
quilted surfaces and introduce the new bubbling phenomena with their basic properties.
Besides sphere and disk bubbling, two novel sorts of bubbles may appear: figure eight
bubbles and squashed eight bubbles, both of which are introduced in Definition 3.2.5. In
Lemma 3.2.8, we show that the energy of the figure eight and squashed eight bubbles is
bounded below, which will be a key ingredient in our proof of the Gromov Compactness
Theorem 3.3.1. The proof of Lemma 3.2.8 relies on a C*°-compactness statement for squiggly
strip shrinking from [Bol], which we restate in Theorem 3.2.9.

In this section and the next we will be working with symplectic manifolds and with
pseudoholomorphic curves with seam conditions defined by compact Lagrangian correspon-
dences

Ly C MO_ x My, Lis C Ml_- X M. (3.3)

When the following intersection in My x My x M x M is transverse, we follow [WeWo4]
and say that Lo; and L3 have immersed composition:

(Lo1 x L) (MO_ X A1 X Ms) =: Loj X, Lo (3.4)

Indeed, the transversality implies that Loy x s L1z C My x My x M{ x M, is a compact
submanifold, and the projection mgy: Lo1 X, L12 — My x Ms is a Lagrangian immersion
by e.g. [WeWo4, Lemma 2.0.5] (which builds on [GuSt, §4.1]). We will denote its image, the
geometric composition of Ly and Lis, by

Loy o Lyg = moa(Lor Xy L12) C My x Mo.

In some contexts we will assume cleanly-immersed composition, that is an immersed
composition such that any two local branches of the immersed Lagrangian Lg; o Ly, intersect
cleanly.

Throughout §3.2 and §3.3 we will work with fixed symplectic manifolds My, My, My
without boundary which are either compact or satisfy boundedness assumptions
as detailed in Remark 3.3.4, and compact Lagrangians L1, L12 as in (3.3) with
immersed composition.
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We will consider pseudoholomorphic quilts with respect to compatible almost complex

structure:
Jo: [=p, o2 = T (Mg,wg)  for £=0,1,2. (3.5)

These are allowed to be domain-dependent® but are C* as maps [—p, p|? x TM; — TM,,
where k will be either a positive integer or infinity. Then compatibility means that

ge(s,t) := wy(—, Jo(s, 1)) (3.6)

are metrics on M, that are C* in (s,t) € [—p, p|2.

The underlying quilted domains of our pseudoholomorphic quilt maps will be open
squares with two seams. One should imagine these as part of the domain of a larger pseudo-
holomorphic quilt with compact domain or with quilted cylindrical ends. The basic (localized
and rescaled) examples studied in [WeWol1] are squares (—1,1)? with seams (—1, 1) x {£6},
whose main feature is a middle strip (=1, 1) x[—§, d] of constant width 26 > 0. The following
definition generalizes the underlying quilted surfaces to allow middle domains {|¢t| < f(s)}
of local widths 2f(s) > 0 varying with s € (—1,1). Since diffeomorphically such domains
are still strips, we call them “squiggly strips”.

Definition 3.2.1. Fix p > 0, a real-analytic function f: [—p, p] — (0, p/2], almost complex
structures Jp, £ = 0,1,2 as in (3.5), and a complex structure j on [—p, p]?. A (Jo,J1,J2,])-
holomorphic size-(f, p) squiggly strip quilt for (Lo1,L12) is a triple of smooth maps

vo: {(s:t) € (—=p,p)? |t < =f(8)} = Mo
vi: {(s,8) € (=p,0)? | [t| < f(8)} = M (3.7)
ve: {(s,t) € (—=p,p)? |t 2> f(s)} = M2

that satisfy the Cauchy-Riemann equations

I
I

dve(s,t) o j(s,t) — Je(s,t,ve(s,t)) o dve(s,t) =0 V£=0,1,2 (3.8)
for (s,t) in the relevant domains, fulfill the seam conditions

(vo(s, — f(s)),vi1(s, — f(s))) € Loy, (vi(s, f(8)),va(s, f(s))) € L1z Vs € (—p, f())a |
3.9

and have finite energy*
B) = [viwo + [vir + fojws = 3(fldvwl+ fldui? + [ldual?) < oo.
When j is the standard complex structure %, (3.8) reduces to the equation
Osvp(8,t) + Ju(s, t,ve(s,t))0eve(s,t) = 0.

When considering a (Jyp, J1, J2)-holomorphic squiggly strip quilt v¥, it will be useful to

3 Note in particular that we do not require J; to be constant near the seam as in [WeWol]. This
is necessary because the corrected proof of transversality in [WeWo5] does not guarantee regular almost
complex structures in this class.

4 Throughout we will make use of the standard energy identity [McSa, Lemma 2.2.1] for pseudoholomor-
phic maps.
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consider the energy density functions

1
|dv]| : (-1, 1)2 = [0, 00), |du(s, t)| := (ldvo(s,t)ﬁo + |dvi (s, t)|-211 + |dvg(s,t)|2jz) 2
(3.10)

where the norms |dv(s, t)| are induced by the metrics defined by wy and J; as in (3.6) and set
to be zero on the complement of the domain of vp. If v is a squiggly strip quilt, then |dy| is
upper semi-continuous on {(s, +f(s))}, continuous elsewhere, and satisfies E(v) = % [ |dy|%.

The goal of this chapter is to generalize and strengthen the strip shrinking analysis
in [WeWo1], which considers sequences of (J§, J{, J§)-holomorphic squiggly strip quilts of
width f¥ = §¥ — 0. For that purpose we consider varying width functions f¥ that uniformly
converge to zero as follows.

Definition 3.2.2. Fix p > 0. A sequence ( i )V N of real-analytic functions f¥: [—p, p| —
(0, p/2] obediently shrinks to zero, f¥ = 0, if max,e[_, 5 f¥(5) y— 0 and
V—r00

dk ey
sup maxfe[_p,p]lmf (s)| =:Cp < 00 V k € Ny,
veN mlnse[_p’p] fl/(s)

and in addition there are holomorphic extensions F”: [—p, p]?> — C of f(s) = F¥(s,0) such

that (F) converges C*® to zero®.

We will see in Theorem 3.3.1 that any sequence (v”) of pseudoholomorphic squiggly strip
quilts of bounded energy and obediently shrinking widths f¥ = 0 has a subsequence that
— up to finitely many points where energy concentrates — converges to a degenerate strip
quilt, in which the middle domain mapping to M; is replaced by a single straight seam
mapping to the immersed Lagrangian Lg; o Li3. Here bubbling near the middle squiggly
strip may lead to limit maps whose seam values switch between the sheets of Ly; 0 L1a. Thus
we need to allow for singularities in the degenerate strip quilts as follows.

Definition 3.2.3. Fix p > 0, almost complex structures J;, £ € {0,2} as in (3.5), and

a complex structure j on [—p, p]>. A (Jo,J2,j)-holomorphic size-p degenerate strip

quilt for (Lo1 xm, Li12) with singularities is a triple of smooth maps

uo: (—p,p) X (=p, 0] N S x {0} = My
v=| ui: (—p,p) N\ S —> M;
ug: (—p,p) x [0,p) N S x {0} = M,

defined on the complement of a finite set S C R that satisfy the Cauchy-Riemann equation
(3.8) for £ € {0,2} and (s,t) in the relevant domains, fulfill the lifted seam condition

(UO(S,O),ul(S), Ul(s),UZ(S, 0)) € Lo1 Xn, L2 Vse (—,0, p)\S,

5To see why the last condition is necessary, consider the sequence of functions (F”: [-1, 1]2 — C) defined
by F¥(z) := exp(—v)sin(2vz) + 1/4. For z € R, we have the formulas F¥(z) = exp(—v)sin{2vz) + 1/4 and
F*(iz) = iexp(—v)(exp(2vz) — exp(—2vz))/2 + 1/4, so the restrictions to [—1, 1] x {0} converge in C* to
zero but F¥(3:/4) diverges to ico.
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and have finite energy
E(w) i= [ujwo+ [ujws = }([lduol® + [ldual?) < oo.

Remark 3.2.4. If uy in the above definition continuously extends to a point in S, then — by
the standard removal of singularity result with embedded Lagrangian boundary conditions —
all u; extend smoothly to this point. Hence one can prescribe S to be the set of discontinuities
of ui.

In fact, the removal of singularity for squashed eights established in [Bol, Appendix
A] shows that up and uy extend continuously to any point in S under the hypothesis that
Lg1 and Li3 have cleanly-immersed composition. In this case, the only map with any
discontinuities is u.

At the points of energy concentration, we will see that four types of bubbles may occur:
the familiar sphere and disk bubbles, and the novel figure eight and squashed eight bubbles.
These novel types of bubbles result from energy concentrating on the limit seam (—p, p) x {0}
in such a way that after rescaling (to achieve uniform gradient bounds), the middle squiggly
strip converges to a straight strip of constant width, or zero width in the case of a squashed
eight bubble. Note here that limit maps of this rescaling will be pseudoholomorphic with
respect to the almost complex structures at the point of energy concentration.

Definition 3.2.5. Fix domain-independent almost complex structures Jy € J(Mp,wy) for
£=0,1,2.
e A figure eight bubble between Lg; and Lj2 is a triple of smooth maps

wp . R x (—OO,—%] —)Mo
w = ’wltRX[—-%,é—]—}Ml
wa: R x [%,OO)—')MQ

that satisfy the Cauchy-Riemann equations dswyg + Jy(wg)0ywe = 0 for £ = 0, 1,2, fulfill
the seam conditions

(’LUo(S, —%),wl(s, —%)) € Lo, (wl(s, %),wg(s, %)) € L9 VseR,
and have finite energy

Jwiwo + fwiwr + [wiwe = %(fldwo|2 + f|dw1|2 + f[dw2|2) < oo.

e A squashed eight bubble with seam in Lo; XM, Li2 is a triple of smooth maps

wo: R X (—O0,0]—)MO
w=| wy:R— M
wa: R x [0,00)—-)M2

that satisfy the Cauchy-Riemann equations dswy + Jo(wg)Oywe = 0 for £ € {0, 2}, fulfill
the generalized seam condition

(wo(s,0),wi(s), w1(s),wa(s,0)) € Lor Xpr, Lo VseR,
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and have finite energy
Jwiwo + fwiws = %(f|dw0|2 + fldw2|2) < 00.

The name “figure eight" for the first type of pseudoholomorphic quilt comes from an
equivalent description via stereographic projection (as explained in the following remark),
while the name “squashed eight” indicates that the second type of quilt can occur as limits
of figure eights whose entire energy concentrates at infinity, corresponding to shrinking
the middle strip. Alternatively, squashed eights can be viewed as punctured disk bubbles
D~ {1} = M x M, with boundary mapping to the immersed Lagrangian Lo; o L;2 in such
a way that it has a smooth lift to Lo; X ps, L12. As explained below, the singularity cannot
necessarily be removed.

Remark 3.2.6.

e Recall that a pseudoholomorphic map R? — M gives rise to a punctured pseudoholo-
morphic sphere w : $2<.{(0,0,1)} — M via stereographic projection $2~.{(0,0,1)} — R?,
where we identify S? = {(z,y,2) € R®|2? + y? + 22 = 1} with the unit sphere in R3.
If the energy [ w*wy is finite, then w extends smoothly to the puncture (0,0,1) by the
standard removal of singularity theorem.

e Similarly, one can view a pseudoholomorphic disk with boundary on Lo; as a quilt on 52
arising from a quilt on R2, given by a Jo-holomorphic patch wp : R X (—00,0] — Mp
and a Jj-holomorphic patch w; : R x [0,00) — M; satisfying the seam conditions
(wo(s,0),w1(s,0)) € Loi, as follows: Stereographic projection lifts these to pseudoholo-
morphic maps wo : $2~.{(0,0,1)}N{y < 0} = Mp and w; : S~ {(0,0,1)}N{y > 0} — M,
defined on the two punctured hemispheres, which map the common boundary to Lg;. The
standard removal of singularity can be interpreted to say that wp and w; extend smoothly
to the puncture (0,0, 1), thus forming a pseudoholomorphic quilted sphere with one seam
— the equator {y = 0}.

The two hemispheres are conformal to disks, so that the extended maps wp, w; can be
combined to a single pseudoholomorphic map from the disk to My x M; w.r.t. the almost
complex structure (—Jp) x Ji, with boundary values in Ly;.

e A squashed eight bubble gives rise to a quilt on S2 as in the previous item, but due to the
generalized nature of the seam condition, the removal of singularity is less standard. Under
the hypothesis that Lg; and L2 have cleanly-immersed composition, [Bol, Appendix A
yields continuous extensions of wg and ws across {(0,0,1)}, thus giving rise to a continuous
but not necessarily smooth map from the disk to My x M> with boundary values in
LOl (e] L]z.

e In the case of the figure eight bubble, (wp, w1, ws) is a pseudoholomorphic quilt with total
domain R?, which maps the seam R x {—1} to Lo; and the seam R x {1} to L;2. Pulling
these maps back to the sphere by stereographic projection, we obtain a pseudoholomorphic
quilt whose domain is the punctured sphere, and which consists of the following patches:

wo: SEN{(0,0,)}N{y < —1(1-2)} - Mo,
wy: §2{(0,0,1)}N{~-1(1-2) <y <i(l-2)} = M,
we: SEN{(0,0, )} N{i(1-2) <y} — M.
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This quilt maps the seam {y = —3(1 — 2)} to Lo; and the seam {y = $(1 — 2)} to Lyo.
The union of these two seams y = £1(1 — z) on the sphere looks like the figure eight
when viewed from the positive z-axis: two circles that intersect tangentially at (0,0, 1).
[Bol] establishes a continuous removal of singularity for (wo, w1, w2) at this tangential
intersection when Lg; and Lis have cleanly-immersed composition.

We now turn to the definition of, and lower bounds on, the minimal bubbling energy #,
which we will need to control the number of bubbling points in the proof of Theorem 3.3.1.

Definition 3.2.7. The minimal bubbling energy for almost complex structures
Jo,J1,J2 as in (3.5) is the minimum £ := min{Ag2, Aip2, firg,0L1,, fis} of the following types
of bubble energies.%

e The minimal sphere energy /g2 is the minimal energy of a nonconstant”
Je(s0, to)-holomorphic sphere in M, for any £ = 0, 1,2 and (so,t0) € [—p, p>.

e The minimal disk energy /ipz is the minimal energy of a nonconstant pseudoholo-
morphic disk in (Mo x Mi, (—Jo(s0,0)) x Ji1(s0,0)) with boundary on Lo; or in (My x
Ms, (—J1(s0,0)) x Ja2(s0,0)) with boundary on Ljg for any sg € [—p, p].

¢ The minimal figure eight energy fig is the minimal energy of a nonconstant
(Jo(s0,0), J1(s0,0), J2(so, 0))-holomorphic figure eight bubble between Lo; and L;a for

any s € [—p, p|.

e The minimal squashed eight bubble energy fr,,0r,, is the minimal energy of a
nonconstant (Jo(so,0), J2(s0,0))-holomorphic squashed eight with seam in Lo1 X, L1z
for any sg € [—p, p].

In the remainder of the section, we prove two results related to the minimal figure eight
energy. We begin by establishing positivity fig > 0 in Lemma 3.2.8, which we will need in
§3.3 to bound the number of bubbles during strip shrinking. This considerably strengthens
the bubbling analysis in [WeWo1], which merely proves that the number of bubbling points
must be finite.

The final result, Proposition 3.2.11, is a weak removal of singularity for any figure eight
and squashed eight bubble. It applies even when the geometric composition Lg; o Lia
is not immersed and yields a tuple of smooth maps with compact quilted domain that
approximately capture the energy of the bubble and thus can be used in Remark 3.2.10 to
give a topological understanding of the possible bubble energies.

Lemma 3.2.8. Fiz p > 0 and sequences (J¥,JY, J¥),en, of C® almost complex structures
on [—p, p)? as in (3.5), such that JJ is locally bounded in C* and such that the C2_-limit
of Jy is a C*™ almost complex structure. Then inf, h(J§, JY, J5) is positive, where h is the
minimum bubbling energy as in Definition 8.2.7.

We will prove this energy bound by contradiction: Given a sequence of figure eight or
squashed eight bubbles with positive energy tending to zero, we rescale to produce a non-
constant tuple of maps, which is a contradiction to the scale-invariance of energy. Here

6 For noncompact manifolds as in Remark 3.3.4, spheres, disks, and figure eights touching or contained.
in the boundary strata of a compactification have to be considered here.

7 If there are no nonconstant pseudoholomorphic spheres, e.g. because the symplectic manifolds are exact,
then we set kg = inf @ := oo; and similarly in the following.
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the convergence of the rescaled maps will be deduced from the following result of [Bol],
which establishes C*°-compactness given a uniform gradient bound. It uses the notion of a
symmetric complex structure on [—p, p]?, which is a complex structure j such that the
equality

j(sat) = —-ooj(s,—t)oa

holds for any (s,t) € [—p, p]?, where o is the conjugation ads + 88, — ads — 30;. (The
standard complex structure, for instance, is symmetric.)

Theorem 3.2.9 (Thm. 3.3, [Bol]). There exists € > 0 such that the following holds: Fiz
k € N>1, positive reals ¥ — 0 and p > 0, symmetric complex structures ¥ on [—p, p]? that
converge C® to j® with ||j*® —i||co < €, and CF+2-bounded sequences of C¥t? almost complex
structures Jy on [—p, p]? as in (3.5) such that the C**1-limit of each (J}) is a C* almost
complex structure.

Then if (v, vY,vs) is a sequence of size-(6Y, p) (J§, IV, J¥, 3%)-holomorphic squiggly strip
quilts for (Lo1, L12) with uniformly bounded gradients,

sup |dv”|(s, t) < oo,
veN, (Srt)e{_pap]z

then there is a subsequence in which (v§(t — 6“)), (v¥|i=0), (V5(t + 8¥)) converge CE, to a
(J§°, J5°,%)-holomorphic size-p degenerate strip quilt (v°, v, v5°) for Lo1 X ar, Laa.

If the inequality liminf, o (s 1)e[-p,02 [dV”[(5,2) > 0 holds, then v§°,v5° are not both
constant. -

Proof of Lemma 3.2.8. We begin by proving energy quantization for the figure eight bubble.
Suppose by contradiction that there is a sequence w” = (w§,wy,wl) of
(J§(e¥,0), JY (0, 0), J5(c”,0))-holomorphic nonconstant figure eight bubbles for some (¢¥) C
[—p, p], with energy E(w") — 0. Then, despite dealing with a quilted domain, we can deduce
limy .00 SUPge f0,1,2) SUP |dwy| = 0 from the mean value inequality |du(z)|* < Cr~2 fBr(z) |du?
for pseudoholomorphic maps (see e.g. [McSa, Lemma 4.3.1] or [Wel, Theorem 1.3, Lemma
A.1]).8 Indeed, it applies to each of the maps wop,w;, ws on balls of radius % that do
not intersect seams, and it applies to the folded maps (wy(s, —% — t),wi(s, ——% + t)) and
(w1(s, 3 — t), wa(s, 3 +t)) on partial balls of radius 3 that intersect the boundary of the
domain R x [0, 1], where these maps are defined, only in R x {0}, where we have Lagrangian
boundary conditions in Lg; resp. L1s. Together, these balls cover the entire domain of the
figure eight, and thus prove the uniform gradient convergence.

Next, since each triple is nonconstant we can find a subsequence (still denoted (w"),en),
an index £o € {0, 1,2}, and points (s”,t”) in the domain of wj, such that 6* := |dwj (s",t")| >
%SuPee{o,l,z} sup |[dwj|. We just showed 6” — 0, and we claim that in fact 6“t¥ — 0. Indeed,
this only requires a proof in the case |[t“| — co. In that case we may apply the mean value
inequality on balls of radius ¢¥ — 1 to obtain §“t¥ — 0. By shifting each triple of maps in
the s-direction, we may moreover assume s¥ = 0 for all v € N.

8 Here we use the metric on M, that is induced by we and Jg° by (3.6). Note that for any fixed v, the
convergence J; — J7° implies that the norm induced by this metric is equivalent to the norm induced by we
and J;'; furthermore, the constant of equivalence can be chosen to be independent of v». This in particular
yields uniform constants in the mean value inequalities.
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Now rescale vj(s,t) := wj(s/6",t/6") to obtain maps
vg : R x (—o00, 36%] = My, oY iR x [—36Y,56"] = My,  vh R x [$6Y,00) = Ma.
These maps are Jy(c”,0)-holomorphic and satisfy the following seam conditions:
(vg (s, —%5"),1}'{(3, —%6)) € Lo, (v (s,36"),v5(s,%6")) € L2 VseR.

The rescaling was chosen to ensure an upper bound on the gradient, sup,c(q,1,9; |[dvy| < 2,
as well as a lower bound |dvy (0,7%)] > 1 for 77 := §"¢” — 0. Theorem 3.2.9 implies that
the restrictions of v§(s,t — £6) resp. v§(s,t+ 36¥) to (—=1,1) x (—1,0] resp. (—1,1) x [0, 1)
converge Cl _ to maps v§° resp. v3°, and that at least one of the limit maps is nonconstant.
This is in contradiction to the scale-invariant energy converging to 0:

0< / (v5°)*wo +/ (v3°)*we
("1)1)X(_1v0] (—l,l)X[O‘l)
= lim / g *wo—l—/ v5 ) wo
"-*°°< 1o O 1D

= lim (/ (w§)*wo +/ (wg)*wz) < liminf E(w") = 0.
V=00 \ JB(sv svyx[0,6v) B(_sv,6v)x[0,6%) v—oo

Hence we have proven the existence of a positive lower bound #g > 0.

A similar argument establishes energy quantization for squashed eights. One difference
between the two arguments is that the mean value inequality as stated in the literature
requires the boundary to map to an embedded Lagrangian, so we cannot deduce uniform
gradient convergence to zero. Hence we consider two cases, depending on whether the limit
L := limy—00 SUPscqo,1,2) SUP [dwy| (which exists after passing to a subsequence) is finite or
infinite.

e L €[0,00) : Center and rescale as in the proof of fig > 0. To deal with the immersed
boundary condition, choose a finite open cover Loy xp, Lo = Uf\; 1 Ui such that
mo2 : Lo1 Xpr, Lig = Mg X Ma restricts to an embedding on each U;. Since the
rescaled maps have uniformly-bounded gradient, and since their boundary values have
smooth lifts to Lo; Xpr, L2, we can pass to a subsequence and bounded domain to
work with embedded boundary conditions in some mg2(U;). Depending on whether L
is finite or infinite, we can then appeal to either standard bootstrapping techniques
(e.g. [McSa, Theorem 4.1.1]) or Theorem 3.2.9 to obtain convergence and hence a
contradiction.

e L = oo : Choose points (s”,t”) and £o so that |dwj (s”,t”)| — co. As in the proof of
Theorem 3.3.1, we can apply the Hofer trick to vary the points (s¥,t¥) slightly and
produce numbers R, €”; rescaling by v} (s,t) := wj(s” + s/R",t” + t/R") produces a
sequence of maps which has nonconstant limit.

Finally, & > 0 follows from the above since we have standard lower bounds figz,fipz: > O,
which can be proven by a single mean value inequality applied to balls resp. half balls of
large radius, see e.g. [McSa, Proposition 4.1.4]. O
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Remark 3.2.10. The minimal bubbling energies hg2, Aipz2, kg, Aty 01,, in Definition 3.2.7 can
also be bounded below by concrete topological quantities
his2 2 ﬁ?zp, hp2 2 hﬁ;’g’ min{Ag, Arg,oL,, } 2 hgop

rather than the abstract analytic lower bound from Lemma 3.2.8. For sphere and disk
bubbles, this topological quantity is the minimal positive symplectic area of spherical or
disk (relative) homotopy classes. Proposition 3.2.11 bounds the minimal energy of squashed
eight and figure eight bubbles by the minimal positive symplectic area of “quilted homotopy
classes”

. ug - D? - My,
hgP i=inf ¢ > ([wel, [uel) w1 : [0,27] x [—3,3] = My, (3.11),(3.12)
£€{0,1,2} up : D? = My,

for which ug, u1, ug are continuous and satisfy the seam conditions
(uo(e™™), u1(8, —3)) € Lo, (ua(6,3),ua(e®)) € L1z VO €[0,2q] (3.11)
and the “constant limit conditions”
u1(0,t1) = u1(0,t2), wi1(2m, t1) = u1(2m, ta) Vi1, t2 € [—%, %] (3.12)

We differentiate such quilt maps by the relation between the two constants u;(0,—) and
U1(27Ta "):

e A (non-switching) homotopy figure eight is a tuple of maps (uo, u1, u2) as above
with u1 (27, —) = u1(0,—). That is, u; : S! x [—3,3] = M; is in fact defined on an
annulus with seam conditions that identify S! x {£3} with the boundaries of the two
disk patches.

¢ A sheet-switching homotopy figure eight is a tuple of maps (ug, u1, us) as above
with 13 (0, —) =: u] # uf := u1(2m, —), where uJ,u] represent two different lifts of
(uo(1),u2(1)) € Loy © L1 to Loy X ag; Laa.

Note that sphere homotopy classes as well as disk homotopy classes for Lg; and Lis can
be represented by non-switching homotopy figure eights with one or two constant patches.?
However, hA%*P := min{hg%p,hgg , hiP} is not generally positive unless the symplectic and
Lagrangian manifolds have very simple topology. For example, we have hgf’zp = 0 as soon as

([we], m2(Mpg)) C R contains two incommensurate values for some ¢ € {0,1,2}.

The possible homotopy classes of figure eight bubbles in the above remark can be de-
duced from the removal of singularity theorem in [Bol]. However, this also follows from the
following weaker result which requires fewer estimates. It yields not a pseudoholomorphic
quilt on S? but a smooth quilt map with domain S? = (D?)~ U (S! x [0,1]) U D? that
approximately captures the energy of the bubble. This result was first announced in [We2],
but we include it here for convenience. It is the only point in this chapter where we will not
assume Lg; and L5 to have immersed composition.

® Given a sphere or disk bubble, we can attach it to a constant homotopy figure eight under mild
hypotheses (e.g. that Lo1, L1z are nonempty and M is connected): Given any two points on Lg; and L2,
make a zero-energy homotopy figure eight with these values on the seams, up and us constant, and u; a
path between the two projections.
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Proposition 3.2.11. Let Loy C My x My, Lo C M; x M3 be compact Lagrangian corre-
spondences, and let (wg, w1, ws) be either (1) a figure eight bubble between Loy and Lyg or (2)
a squashed eight bubble with seam in Loy X pr, L12, where wy is the pullback wi(s,t) := Wi (s).
Then for any € > 0 there exist smooth maps up : D? — My, Uy : [0,27] X [—%, %—] — M,
ug : D? — M, satisfying the seam conditions

(uo(e™),a1(8,—3)) € Lo1, (1(8,3),u2(e”)) € Lz Ve € OD* = R/2n7Z,

and whose energy is e-close to that of (wg, w1, ws),
|<fuawo+fﬁ’{w1+fu§w2) — (fw3w0+fwfw1+fw§w2>| <e.

Moreover, Uy is constant on the two lifts of the line {[0] = [27]} x [—3, 3] C St x [—1,3], so
that ﬂ1|{0}x[_%’%1 = pf, al’{zﬂ}x{ 11 =Py form together with po := uo(e'®), pa := uz(e®)

272
two lifts (po,pzlt,p:lt,pg) € Loy X, L1z of the same point (po,p2) € Loi © Lia.
In particular, if oy : Lor X a1, L1a = Loi © Lig is injective, then Uy can be chosen such
that it induces a smooth map uy : St x [—%, %] — M.
For the proof of Proposition 3.2.11, we will need an extension result. To state it we will use
the following notation for partitioning the closed unit ball B1(0) C R? into four quadrants:

Up:= {(z,y) € B(0,1) |y <z, y< -z}, Ui:={(z,9) €B0,1)|z>y, z> -y},
(3.13)

Us:={(z,y) € B(0,1) |y >, y > —z}, Us := {(z,y) € B(0,1) |z <y, = < —y}.

The resulting partition of the boundary circle B (0) will be denoted by A; := U; N dB1(0)
for i = 0,1,2,3, and we denote the intersections of these arcs by p;;;1) = A; N A4y for
i mod 4. We denote the length of a path o; : A; — X; with respect to g; by £(o;) := IA,- |do;].

Lemma 3.2.12. Let (X;, 9i) be Riemannian manifolds equipped with closed 2-forms w; for
1=0,1,2, and let Yo1 C Xo X X1, Y12 C X1 X X be closed submanifolds. Then for every
€ > 0 there exists § > 0 such that the following extension property holds: Suppose that
0i: Ai = X; fori=0,1,2,3 are smooth arcs that satisfy

£(o:) <6, (0i(Pi(it1))s Tit1(Pii+1))) € Yi41) ~ Vimod 4. (3.14)

Here we denote X3 := X1, Yo3 1= Ylg, and Yz := Yoi’lw, with ()T denoting the interchange
of factors in X; x Xiy1. Then there exist smooth extensions 0; : Ui — X of 0|4, = oi such
that

/U olw; <€, (0i(p),dit1(p)) € Yi(i+1) Vpe U NU4 Vi mod 4.

Proof of Lemma 3.2.12. Set a; := 0i(pi—1)i), bi = 0i(pi(i+1)) for i mod 4. For a constant
€ > 0 that we will fix later in the proof, let us show that if § is chosen small enough, there
exist z¥ = (zo, x:f, let, z2) € Yo1 X x, Y12 (two lifts of the same point in Yp; 0 Y19 C X x X3)
such that the following distances with respect to the metric go @ g1 ® g1 ® g2 are bounded,

max{d((bo, a1, b1,a2), :L‘+) , d((aog, b3, as, b3), :L'_)} <é€. (3.15)
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Suppose by contradiction that the sequences (of, 0y, 0%, 0%) satisfy (3.14) for a sequence
0¥ — 0 but

e (8o, o), ), (a8 0,70} > ¢ (3.16)
T==(T0,27 ,27 ,T2 01X X, Y12

for all v € N with @} := o} (ps-1)i), bY = 0(Pii+1))- Since (bf,ay) € You, (bY,a3) €
Y12, (a%, b4) € Yio,(ag,b%) € Yo1 and Yoy, Yo are compact, we may pass to a subsequence
and assume that a7, by have limits a{°, b as v — oo. These limits have to coincide a{® = b$®°
since they are the limits of endpoints of the paths o} whose length £(c}) < §¥ goes to zero
with v — co. This gives rise to two lifts ¥ := (a§°, a{°, a{®, a3’),z™ := (a$°, a$, a®, a3’) €
Yo1 xx,; Y12 since (af’, af®) = limy_,o0(bY, a¥) and (ad’, a$®) = lim,_so0(af, b4) are limits in
the closed submanifold Yp; and (a{°, a$°) = lim, o0 (Y, ay) and (a$°, a3®) = lim,—,c0(a¥, b%)
are limits in the closed submanifold Y12, and they contradict (3.16) since both distances
converge to zero, e.g.

d((bg, af, bf, a3), &) < d(bF, af’ = b5°) + d(a1,af°) + d (b, a7° = b{°) + d(a3,a$’) — O.

With that we may assume to have lifts z+ = (o, mli, mli, z2) € Yo1 X x, Y12 satisfying (3.15)
and begin to construct the extensions 7; by

60(0) = zo, 51(0) := =7, c2(0) := x9, 03(0) :=z7 .

To construct 7; X di41 : U; N Uiy1 — Y41, note that the given values on both ends of
this line segment are at distance at most ¢ in Yj(;;1). Hence for sufficiently small ¢ we
may use local charts of the submanifolds Y, Y12 to choose each extension o; : 8U; — X; of
0i|a; = o; such that they satisfy the seam conditions (&(p), 7i+1(p)) € Yj(;41) and length
bound £(c;|sy,) < 2¢’ + 6. By choosing € and ¢ sufficiently small, we can moreover ensure
that each of these loops lies in contractible charts of X;. On the one hand, that allows us
to extend the given &; : U; — X to a smooth map &; : U; — X;. On the other hand, in
each such contractible chart V' C X the given 2-form w;|y = dny has a uniformly bounded
primitive ny € Q'(V), which gives the desired bound

/ Brwy = /8 Fiy < InvleotGilous) < v 2 +) < €
U; ]

for sufficiently small § > 0. In fact, we can cover the projections of the compact La-
grangians to the factors X; with finitely many contractible charts V so that ||ny||c is
uniformly bounded. This ensures that the choice of sufficiently small § > 0 for given ¢ > 0
is independent of the arcs o;. O

Proof of Proposition 3.2.11. To simplify notation we shift domains so that wg and wsy in
case (i) as well as (ii) are parametrized by R x (—o0,0] and R x [0, 00), respectively. On
these domains we rewrite the figure eight energy integral in polar coordinates wy(r,8) =
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wy(r cos 6, 7sin @) to obtain
E = fwjwo + [wiw + [wiws
=/ 2|8 |*dsdt +/ |8,w1|2dsdt +/ 2|0 Wo|2dsdt
R x (—00,0] Rx[-1,1 R

x[—i’Z] X[0,00)
R

= lim rLA(r) dr

R—o00 0

with integrand

27 s
Alr) = / \Bo o (r, 0)[2d6 + / Oy ia(r, 0)2d6 + / * B (=r, ¢)2dt
m 0 —

1
2

[S1E

+ / r|Bpwy (r, t)|%dt.

1
2

The same holds for squashed eights if we drop the terms involving w;. By assumption
fOR r~LA(r)dr converges as R — oo although A(r) > 0 and fOR r~ldr - oo as R — oo.
Hence there exists a sequence r; — oo such that A(r;) — 0. Depending on a § > 0 to be
determined and the € > 0 given, we now choose rg > 1 sufficiently large such that A(ry) < §
and |E — [)° r—lA(r)dr| < Lle. Denoting by BZ the ball of radius ro around the origin in
the halfplanes HT = R x [0, 00) resp. H™ = R x (—00, 0], we now have approximated the

B

and bounded lengths of arcs

%}) < +/d/ro, f(’&;gl!z!:ro) < Vré forle {0,2}.

1
< z€

w6w0+/ wIw1—+—/ w§w2>
[—'ro,ro]x[—-l 1 B

o 2°2 0

(w1l (2ro) -1

3

Here the latter for wy (and analogously for wy and w;) follows from the estimate

2
O(@oljpjre) < / |siB0(r0, 8)|d68 < /T A(ro).

Then for sufficiently large 79 > 1 and small § > 0, the maps (up, U1, uz) will be con-
structed as extensions of (wg|g- ’wll[—ro rolx[=1,1]> wa| g+ ). We first pull them back to the
70 4 2’2 70
quilted sphere by stereographic projection as in Remark 3.2.6, to define a quilted map
(vo, D1, v2) on the complement of a neighborhood N C S? of the puncture (0,0,1). Thus
N is a slightly-deformed ball with diameter of order 75!, which we identify with B1(0)
in Lemma 3.2.12 so that the arcs o9 = vy|gny and o2 = wvp|any are reparametrizations of
the short paths (wp| Br‘o’w2| B ), and 01,03 are the two connected components of vi|gn,
given by reparametrizations of the short paths w1|[_ro,ro]x[_ 1 For sufficiently small
d > 0, Lemma 3.2.12 then provides a smooth extension of (vo,v1,v2)|sn by a quilted map
(Go,01,03,02) on N with total symplectic area bounded by %e. After smoothing these
extensions near ON, we finally construct (ug, U, us) by pullback of these extended maps.
More precisely, we construct up (and similarly us) by precomposition of vg, oo with a smooth
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bijection from D? to dom(vg) U Uy which maps 1 € D? to the corner of Up. (This is not
possible by a diffeomorphism, but there is a smooth map with vanishing derivatives at 1.)
To construct @ : [0,27] % [—%, %—] — M; we pull back v;,71,03 by a smooth map from
[0, 27] x [—4, 3] to dom(u;) UU; UUs3 which on the boundary components [0, 27] x {3} (in
polar coordinates) coincides with the bijections from dD? to UpN(U; UU3) resp. U2N(U3UU3)
used in the construction of ug, uq, thus guaranteeing the seam conditions. It can moreover
be chosen as bijection with the exception of mapping the two edges {0,27} x [—3, %] to
the common corner point U; N Us. Smoothness of these maps guarantees smoothness of the
pullbacks (uo, Ui, u2), and bijectivity on the complement of a zero set guarantees that they
have the same symplectic area as the extension of (vp, U1, v2)|an. Finally, 4 by construction
is constant equal to 1(0) on {0} x [—3, 1] and equal to 53(0) on {27} x [-1, ], and extends
smoothly to an annulus if 71(0) = &3(0). The latter is guaranteed by the seam conditions
on the extensions &; if mo2 : Lo1 X x, Li2 = Lo1 © L2 is injective. O

Remark 3.2.13. Under the hypothesis that Lg;, L12 have immersed composition, Proposi-
tion 3.2.11 can be modified to show that a squashed eight can be approximated by a homo-
topy squashed eight, rather than a homotopy figure eight. In this situation, the minimum
squashed eight energy R, .r,, can be bounded below by the minimum positive symplectic
area of “homotopy squashed eights’

ht[i)oploLu := inf{{[(—wo) B wa), [u]) > 0| u € C%(D, My x M), u(dD) C Loy o L12}.

3.3 Toward Gromov compactness for strip shrinking

In this section we state and prove the Gromov Compactness Theorem 3.3.1, which is the
main result of this chapter. In order to focus on the relevant effects, rather than deal with
complicated notation, Theorem 3.3.1 is stated in the setting of squiggly strip quilts, with
the width of the middle strip shrinking obediently to zero. However, the results of this
section directly generalize to a sequence of pseudoholomorphic quilt maps whose domains
are quilted surfaces which vary only by the width of one patch — diffeomorphic to a strip
or annulus — going to zero.

Theorem 3.3.1 is a refinement and generalization of [WeWol, Theorem 3.3.1 and Lemma
3.3.2], where compactness up to energy concentration is proven for strip shrinking in the
special case of embedded composition, though only in an H? N W4-topology and with a
lower bound on the energy concentration that has no geometric interpretation but arises by
contradiction from mean value inequalities. (In fact, the H? N Wl4-convergence does not
even suffice to deduce nontriviality of the weak limit of rescaled solutions near a bubbling
point.) We establish full CfX-convergence in the most general natural case, with the further
generalization to noncompact manifolds being discussed in Remark 3.3.4. The proof will
moreover illuminate the origin of the different bubbling phenomena. Analytically, it relies
on Theorem 3.2.9, a result from [Bol]. A further generalization is that we will allow the two
seams bordering the middle strip to not be straight, so that Theorem 3.3.1 allows the first
author to establish a removal of singularity theorem for figure eight bubbles in [Bol].

Theorem 3.3.1. Fiz p > 0, sequences Jg,Jy,J; of smooth almost complex structures on
[—p,p)? as in (3.5) that converge C2 to J§°: [—p,p|> = J(Mg,we) for £ = 0,1,2, and
a sequence (f: [—p,p] = (0,p/2]) of real-analytic functions shrinking obediently to zero
as in Definition 8.2.2. Then for any sequence (v"),en of (J§,JY, J§)-holomorphic size-

(f¥,p) squiggly strip quilts for (Loy, L12) as in Definition 3.2.1 with bounded energy E :=
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sup,en E(v”) < oo there exist finitely many blow-up points Z = {z1,...,28} C (—p, p)? and
a subsequence that Gromou-converges in the following sense:

1. There exists a (J§°, J5°)-holomorphic degenerate strip quilt v™° for Loy X ar, Lig with
singularities, whose singular set S C (—p, p) = (—p, p)x{0} is contained in {z1, ..., zn}N
(—p, p) x {0}, such that (vg(s,t—f*(s))) resp. (v} (s,0)) resp. (v5(s,t+f¥(s))) converge
C2 on the domains (—p, p) X (—p,0]\Z resp. (—p, p) X {0}\Z resp. (—p, p) x [0, p)\2Z
to v§° resp. v° resp. v§°.

2. There is a concentration of energy h > 0, given by the minimal bubbling energy from
Definition 8.2.7, at each zj in the sense that there is a sequence of radit r¥ — 0 such
that

liminf/ Hdv’]?2 > A >0,
B,v(z;)

V—00

where the energy densities |dv¥| are defined as in (3.10).

3. At least one type of bubble forms near each blow-up point z; = (sj,tj): There is
a sequence (w”) of (tuples of) maps obtained by rescaling the maps defined on the
intersection of the respective domain with Byv(z;), which converges in C%. to one of
the following:

(S0),(S1),(S2): a J§°(z;)-holomorphic map wg®: R? — M, for £ = 0,1,2, which can be
completed to a nonconstant pseudoholomorphic sphere wy° : S? — My;

(DO01): a(—J§°(sj,0))xJ7°(s5,0)-holomorphic map wg : H — My x My with w§(0H) C
Lo1, which can be extended to a nonconstant pseudoholomorphic disk wgg : (D,0D) —
(M()— X M1>L01);

(D12): a (—J°(s,0))xJ5°(s4,0)-holomorphic map wg: H — M| x My with wis(0H) C
L12, which can be extended to a nonconstant pseudoholomorphic disk wsy: (D,0D) —
(ﬂff X ﬂfg, ng),’

(E012): a nonconstant (J§°(s;,0), JT°(s;,0), J5°(s5,0))-holomorphic figure eight bubble
between Loy and Lia, as in Definition 3.2.5;

(D02): a nonconstant (J§°(s;4,0), J5°(s;,0))-holomorphic squashed eight bubble with gen-
eralized boundary conditions in Loy o L2, as in Definition 3.2.5.

Remark 3.3.2. If the composition Lg; o Li3 is cleanly immersed, then [Bol, Thm. 2.2] guar-
antees a continuous removal of singularity for figure eight and squashed eight bubbles, in
particular for the bubbles produced in cases (E012) and (D02) of Theorem 3.3.1. This allows
us to partially characterize the singular set S C R in (1) at which 7; does not extend con-
tinuously, and hence to which vg, v9 may not extend smoothly: A necessary condition for a
bubbling point z; to lie in § is that a sheet-switching bubble can be found by rescaling near
zj, i.e. a squashed eight bubble whose boundary arc on Lg; 0 L1 does not lift to Loy X pr, L1,
or a figure eight bubble with lims_,_o w°(s, —) # lims— 400 wi°(s, —). However, this is not
a sufficient condition, since a tree involving several sheet-switching bubbles at z; could allow
continuous extension of 71 to 25

The proof of Theorem 3.3.1 will take up the rest of this section. Our first goal will be to
find a subsequence and blow-up points so that (2) and (3) hold together with the following
bound on energy densities:
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(0) The energy densities |dv”| are uniformly bounded away from the bubbling points, that
is for each compact subset K C (—p, p)2\{z1,...2n} we have

.S/Ielg ||d2U||Loo(Kn(—p,p)2) < oo

Then we will show that (1) follows from Theorem 3.2.9.

Suppose that we have already found a subsequence (for convenience again indexed by
v € N) and some blow-up points z1,...,zy € (—p,p)? such that (2) holds and we have
established (3) at each such point. Now either (0) holds, too, or we can pass to a further
subsequence and find another blow-up point zy4+1 = (Sn+1,tn+1) = limyeo(sY,tY) €
(—p, p)?~{z1,...2n} such that lim, s |dv¥(s¥,t¥)| = co. We can apply the Hofer trick
[McSa, Lemma 4.3.4]'° to vary the points (s¥, t) slightly (not changing their limit) and find
€” — 0 such that we have

sup  |dv¥(s, t)] < 2/dv’(s%, t¥)| =: 2R¥,  R'€’ — oo. (3.17)
(8.)€Bow (%,17) .

We will essentially rescale by RY around (s”,t”) to obtain different types of bubbles, de-
pending on where the lines {¢ = +f"(s)} get mapped under the rescaling. We denote by
T 1= RY(£fY(s¥) — t”) the t-coordinate of the preimage of the point (s¥,+f¥(s”)) under
the rescaling ¢t — t¥ + t/RY. After passing to a subsequence, we may assume that 74
converges to 72° € R U {£oo} with 7°° < 79°. Then exactly one of the following cases
holds:

(S0) 7 =71 =00

(S1) 7%° = —o0 and 7° = 00
(82) 7 =71 = -0

(D01) 7*° € R and 7° = o0
(D12) 7¥ = —oc and 7¥ € R
(E012) 7 € R and 7 < 7%°
(D0o2) 7> =71 €R

Below, we will for each case specify the rescaled maps and establish their convergence to
one of the bubble types in (3) as well as prove the energy concentration in (2). Thus in all
cases we will have proven (2) and (3) for the new blow-up point zx+1, and after adding this
point we will either have (0) satisfied or be able to find another blow-up point. Since & > 0
by Lemma 3.2.8, we will find at most E/A such blow-up points in this iteration before (0)
holds.

Out of the seven blow-up scenarios just listed, the only case where our rescaling argument
will be significantly different from standard rescaling arguments is (D02), in which we will
need to appeal to the new analysis of Theorem 3.2.9. The rescaling argument in the cases
(D01), (D12), (E012) is essentially the same as the standard process of “bubbling off a disk”,

10Note that the Hofer trick applies directly to each function f(z) = |du”(z)| for = = (s,t), although it is
only upper semi-continuous. In the proof, continuity is used only to exclude f(z,) — oo for a convergent
sequence Tn — Teo. For a bounded upper semi-continuous function f, we still have limsup f(z») < f(2w) <
00, excluding this divergence.
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since locally we can fold across the seam to obtain a pseudoholomorphic map to a product
manifold.

Before we rescale to obtain bubbles, we record the key properties of the rescaled width
function.

Lemma 3.3.3. Given a sequence (f¥),en of real-analytic functions shrinking obediently to
zero, shifts s¥—s°, and rescaling factors a¥—o0, the rescaled width functions f¥(s) :=
a’ fY(s¥ + s/a¥) satisfy Co(R) convergence

=70 = 0, /70 = 1.

—>00

Moreover, let FV be the extension of fV from Definition 3.2.2, identify (s,t) € R? with
z=s+1it € C, and set

Y (s,t) := (s” + s/a",2f"(s” + s/a") t)
P (z) = 8"+ z/a” —iFY(s" + z/a”).

Then for any R > 0 and v sufficiently large, the maps (¢¥")~! o ¢* are well defined on
Br(0). In the special case o” = (2f¥(s"))™!, the maps (¢*)" o ¢ converge CX°(R2, R?) to
(s,t) = (s,t +1/2).

Proof. The functions f”(.j f”@) resp. f”( )/f”(O) are equal to 0 resp. 1 at s = 0, so

it suffices to show that (f¥(s) — f¥(0))*®) and (f”(s)/f"(O)) (k) converge C2_ to 0 for every
k > 1. This convergence follows from the formulas

(@) * (M) B (s + %)
fr(s”) ’
the convergence s¥ — s> and o — oo, and the obedient shrinking f¥ = 0 in Defini-

tion 3.2.2.
The domain of ¢” is [—a¥(s” + p), —a”(s* — p)] x R which contains Bgr(0) for sufficiently

large v since s — s® € (—p, p), ¥ — oo, and fY €% 0. The image concentrates at (s”,0),
more precisely we have

(F = F/0)®(s) = (@) (P + ), (F/F0)P(s) =

¢"(Br(0)) C Bre+(s*,0), ¢ :=max{(a")7,2)|f"llco} — O,

since |¢”(s,t) — (s”,0)|2 < /(@) + 42t < (5"|(s,t)|)2. Next, we claim that

Bprsv(sY,0) lies in the image of ¢" for sufficiently larg—e_a v. Indeed, given y € Bgs-(s¥,0), we
can solve

y = (2) (3.18)
iff there is a solution z € —a¥s” + [—a’p, a’p]? of
z= a”(y — sV +iFY (s + z/a”)) =: H(z).

The existence of a such a solution follows from Banach’s fixed point theorem applied to H.
Indeed, H is a smooth map from —a”s” + [-a”p, a”p)? to itself since y € Brs(s¥,0) gives

|H(2) + &¥s¥| = | (y + iF*(s* + Z))| < a”(|s*| + R&” + |[F¥||eo) < a”p
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for v sufficiently large so that R§” + || F¥||co < p—|s”|. The latter holds for large v since the
left hand side converges to 0 while p—|s¥| — p—|s*°| > 0. Furthermore, H is a contraction
mapping once v is large enough so that ||[F” |z < 1,

|H(2) — H(w)| = o’|F¥(s" + z/a”) — F¥(s" + w/a”)| < |F¥ g1z — wl.

Therefore Banach’s fixed point theorem guarantees a (unique) solution

z € —a¥s” + [—a¥p,a”p]? of (3.18), which shows that for » > 1, the image of 9* con-

tains ¢*(Bgr(0)). To show that (¥*)~! o ¢ is a well-defined element of C*®(Bg(0), R?), it

remains to show that ¥ is injective and has a Jacobian with nonvanishing determinant.
Injectivity again holds once |F”||q1 < 1 since

Y(z) =y’ (w) <= z—-w= ia”(F(s” + %) - F(s" + %))
= |z - w| < [|F¥le2]2 — wl.
The Jacobian of ¥ is given by
v . v N ovn—1 1+33imF”(s”+‘s—(;"'—,,i£) BtimF”(s”-{-?:—ﬁ) ‘
3(5,8) 1= Joc() (s +it) = (o7t (L HIRET ) QP ) ),
(3.19)

which for v > 1 has nonvanishing determinant since F¥ i 0. This proves that (¢)"lo¢”
is a well-defined element of C*®(Bg(0),R?) for v > 1.

We now restrict to the case o” := (2f(s¥))~!. To establish the CZ° (R?, R?)-convergence
of (1,[)‘1’)‘1 o ¢¥ to the map (s,t) — (s,t + -;—), we begin by noting their equality at (s,t) =
(O’ _§)>

()0 ¢")(0,~3) = (W) 7H(s", ~f"(s")) = (0,0).
It remains to show Cp°-convergence of the Jacobians Jac((z/ﬂ’ )7l o ¥ ) — Id. Using the
inverse of (3.19) and abbreviating Q”(s,t) := s* + ((¥¥) ! 0 ¢¥)(s,t)/a” we have
Jac((8*)™ 0 ) (s,1) = (3(@W) (8 (5,1))) - Jac(¢)(s,1)

1—0ireFYo Q¥ —0;imFY o Q¥ 1 0
dsre F¥ o Q¥ 14 0sim F¥ o Q" 2(fY)(s¥ +s/a”)t 227 fY(s¥ + s/a¥)
(14 0simFYoQ¥)(1—0ire F¥ o Q¥) + 8, im F¥ 0 Q¥9sre F¥ o Q¥

(3.20)

The C*-convergence F¥ — 0 implies that the first matrix divided by the denominator
converges C2  to the identity. In fact, this is C{gc-convergence if the derivatives of QY
up to order k are uniformly bounded on compact sets. In the second matrix we have
2(f%)(s* + s/a¥)t — 0 in C2 by the C®-convergence f¥ — 0 and (a”)"! — 0, and

the bottom right entry L "(su}’,‘,g(ﬁ:)(sv)s) = J{ :E;g

— 1 converges already in C? by the first

statement of the current lemma.

This proves C]%C convergence of the Jacobians and thus Clloc-convergence of the maps
(")~ o ¢¥. Since QV is given in terms of these maps and (a)~! - 0, we conclude that its
derivatives are uniformly bounded on compact sets, thus the convergence of the Jacobians
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is in CL_, which implies C2 -convergence of the maps (" )"l o @Y. Iterating this argument
proves the claimed C*. convergence. O

Continuing with the proof of Theorem 3.3.1, the nontrivial bubbles claimed in (3) are now
obtained as follows:

(S1): We will obtain a sphere bubble in M; by rescaling
wi(s,t) = v{(s" + £, t" + &)
to define maps wy: U/ — Mj, with
Uy == {(s,t)| —R’(p+5") <s<R’(p—s"), —f¥(s) = R*t* < t < f¥(s) — Rt"}.

The map wY is pseudoholomorphic with respect to .7{’ (t) := JY(s¥ + s/R",t" +t/R");
due to the convergence R¥ — oo, these almost complex structures converge in CI%‘;(RZ) as
v — 00 to the constant almost complex structure *7100 = J°(s%°,t*°). By construction,
the maps w{ satisfy both upper and lower gradient bounds:

4wt (0)] = Aldvt (5", )] = 7 ldu(s”, )] = 1, (321)
sup [dwY (s, t)| < sup %|dy"(s, t)] < 2,
(s,t)eBRry v (0) (8,t)€Bv (8¥,t¥)

where the second equality in the top line follows for large v from the assumption 7{ —
+o0o. The containment s¥ — s € (—p,p) implies that the left resp. right bounds
RY(Fp — s¥) of U} have limits —oo resp. oo; furthermore, the assumption 73° = +oo and
Lemma 3.3.3 implies that the lower resp. upper bounds — f*(s)— R”t" resp. f*(s)—R"t" of
UY converge Cpx. to —oo resp. co. Hence the maps wy are defined with uniformly bounded
differential on balls centered at O of radii tending to infinity. Standard compactness for
pseudoholomorphic maps (e.g. [McSa, Appendix B|!!) implies that a subsequence, still
denoted by (wY), converges C%. to a J{°-holomorphic map wf® defined on R2. Its energy
is bounded by E, so after removing the singularity (using [McSa, Theorem 4.1.2(i)])
we obtain a J{-holomorphic sphere w$°: S2 — Mj, which is nonconstant by (3.21).
Rescaling invariance of the energy and C -convergence imply energy concentration:

o 2. . .
liminf 11dv”|” > liminf v{ *wy1 > liminf wy *w
v B.v(s¥,t¥) y—00 Bv(s¥,t¥) V=0 Bgryev (0)NUY

’U)To *w1
R2

> ﬁsz > 0.

v

(S0,S2): In complete analogy to (S1), rescaling by wj (s,t) := vy (s +s/R",t" +t/R") yields a
nonconstant pseudoholomorphic sphere in M, and with energy concentration of at least
hg2.

11 1f noncompact symplectic manifolds are involved, then one needs to establish C°-bounds on the maps
before “standard Gromov compactness” can be quoted.
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(D01): We will obtain a disk bubble in Mgy x M; with boundary on Lg; by rescaling
wy (z) == v}/(s” + 5, —f(+ &)+ —-t—,;)
to define maps

wg: {(s,t)| —R”(p+s") <R'(p—5"), R (—p+ f'(s* + &) <t <0} — My,
wy: {(s,t)| —RY(p+5") <R(p—s"), 0 <t <2RVf"(s"+ &)} — M.

In the case of straight seams ¢ = & f¥(s) = £6” the rescaled maps easily pair to maps wg); :
(s,t) = (wE(—s,t),w¥(s,t)) € My x My defined on increasing domains B,+(0) N H with
r¥ — oo in half space, with boundary values in Lg;, which by standard arguments converge
and extend to a pseudholomorphic disk. The squiggly seams require an easier version
of the arguments in (E012) to establish convergence w§ — w§°, wy — w{® in C2(—H)
resp. C2%. (H) to nonconstant J;°(s>,0)-holomorphic maps satisfying the Lagrangian seam
condition

(wg°(s,0),wi°(s,0)) € Loy Vs €R.

Then wgg(s,t) = (w§(s,—t),wi®(s,t)): H — My x M; is a nonconstant
J&° == (=Jg(5%,0)) x J°(s%,0)-holomorphic map with w§(6H) C Lo;. Its energy
is bounded by E, so after removing the singularity (using e.g. [McSa, Theorem 4.1.2(ii)])
we obtain a nonconstant .70°f-holomorphic disk wgy : D? - My x M. Energy quantization
in the case of straight seams is given by

lim inf %Idg"|2 > liminf Z /B o )v}’ *we
CU sl/, v

v—oo Bev (s¥,t7) y—roo ee{0,1}

> lim inf/ wiy* ((—wo) ® w1)
B, (0)NH

V—00
> [ gt ((~wo) @ 1) 2 e,
and in the general case just requires more refined choices of domains as in (E012).

(D12): In complete analogy to (D01), rescaling yields a nonconstant pseudoholomorphic disk
in
M7 x Mz with boundary on Lj2 and energy concentration of at least Ap2.

(E012): We will obtain a figure eight bubble between Lg; and Li2 by a rescaling that
in the case of straight middle strips of width 2f¥ = ¢ — 0 amounts to wj(s,t) =
vy (s¥ + 8s,6"t) for £=0,1,2. In the general case of squiggly strips, we straighten out
the strip by using an s-dependent rescaling factor in the ¢ variable:

wy (s, t) 1= vy (¢¥(s, 1)), @Y (s,t) := (s” +2f7(s")s, 2% (s +2f¥(s")s) t). (3.22)
Note that ¢” is a diffeomorphism between open subsets of R? since f¥ > 0, and that it

pulls back the seams Sy = {(z,y) € R?|y = £f¥(z)} to straight seams (¢*)~'(Sx) =
{(s,t) € R%|t = 1} as in Definition 3.2.5 of the figure eight bubble. Moreover, the
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rescaled quilt maps (w})¢=0,1,2 have the total domain

@) (0. 0°) = {(5:0) € B | 355 < s < ofioy: Ml < sproaboren |

Since s¥ — s® € (—p,p) and fY i 0, we can find a sequence of radii 7¥ — oo so that
these domains contain the balls B+ (0). In the case of straight seams the maximal radii
are r¥ = (p — |s¥])/6", but we may also choose smaller radii 7 — oo so that in addition
7Y% — 0. In general we choose 7/ — 0o so that Byw(0) C (¢*)~1((—p, p)?) and

r’ max (f“(s)+ (f)(s)) — 0. (3.23)
s€[—p,p] v—00

Finally, we wish to choose r” — oo such that in addition the inclusion ¢ (B (0)) C
Bev(s¥,tY) ensures that the gradient bounds (3.17) transfer to the rescaled maps. For
that purpose first note that for sufficiently large » € N from (3.23) we also obtain the
estimate

max 2fY(s" +2fY(s")s) < 3fY(s"). (3.24)

se[—rv,rv]

Indeed, for s € [-r¥,r"] and v sufficiently large such that r”||(f*)'llco(—p) < § We have

P+ 205705) < £+ [ 2+ 2()s) ds
< A2 lleo(-pe)) S 3F7(8Y).
Next, for (s,t) € Br»(0) we obtain
|(s” +277(s")5,2f%(s” + 2f¥(s"))t) — (s",8")| S 1(2F ("), 2% (8" + 2f¥(5")s)t)]
+1(0, )]
< 3rVfU(s) + (2]
3 =)+ |+ T,
B 2RveY ¢

from (3.24) and the identities

v v
T — 1Y

tl/ — _T‘T‘ + Tz
2RV’ 2R¥

fr(s") = (3.25)
Thus to obtain the inclusion ¢” (B,»(0)) C Be(s¥,t") for large v it suffices to replace the
above r¥ by a possibly smaller sequence r — oo so that 3r¥ (7Y —77) 4|7} + 77| < 2R"¢€”
for large v. This is possible since RY¢” — oo and 7§ — 7 € R. So from now on,
after dropping finitely many terms from the sequence, we are working with a sequence
of rescaled quilt maps (3.22) together with a sequence ¥ — oo so that we have the
inequalities (3.23), (3.24), and the inclusions

¢* (B (0)) C Ber(s,t") N (—p, p)>. (3.26)

Thus, restricting the maps from (3.22) to the balls B,.(0) of increasing radius amounts
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to considering the quilt map wj : Wy — M, with the domains

W¢ = Brv(0) N (R X (—o00, —3]),
WY = B (0) N (R x [—3, 3]),
Wy := By (0) N (R x [3,00)).

These maps are (je", j¥)-holomorphic, where :];” = Jj o ¢” are the almost complex struc-
tures on M, with appropriately rescaled domain dependence, and j¥ is the complex struc-
ture

79 (s,t) == (de”(s,8)) ™" 0 jo o dg¥(s, 1)
_ [ 2f¥(s¥) 0 1o -1
_(4f”(8")(f”)’(s“+2f”(8”)3)t 2f”(s”+2f”(3”)8)> (1 0 )

y ( 2f¥(sY) 0 )
477 (V) () (s + 2f7(s*)s)t 2f*(s” +2f*(s")s)
_ (@)t o N
T\ SR (st )”
y ( —Af () () (8" 4 )t —2f"(s" + 2f"(8”)8))

2¥(s%) 0
=26(f*) (8" +2f*(s")s) A
T £ (R0 s 2p (51)5) 41 NPT
(f“(s"+2f”(s")s) ) 2t(f¥)'(s” +2f*(s")s)

2 )2+ (02 UF)(s)
fr(0)f¥(s) fr(0)

t(fuz/g 2 _&Q
= fr(0), J4(0) :

where we abbreviate f¥(s) := f¥(s¥ + 2f7(s¥)s)/2f"(s*). Note that Lemma 3.3.3 with
= (2f¥(s¥))~! implies j¥ — 7 in C22, and the almost complex structures also converge

Je — J§°(s%,0) in C° since ¢”(s,t) — 0 for any fixed (s,t). Moreover, the maps wy
satisfy the Lagrangian seam conditions

(wg(s,—3),w¥(s,~3)) € Lo, (wi(s,3),w5(s,3)) € Lz Vs e (=r",r).

The gradient blowup at (s,t") in (3.17) translates into lower bounds on the gradient
v —T¥ -7 —TL—7°

1/2 ~ v
|dwy| = (ldwgl + |dw11’| + |dwl2/|) / at t =tV := 2f‘“t(s") = 2(r¥-7¥) —* 2P -7) € R,
since ¢” (0, Ff%?v'}) = (s¥,t”) and hence

dw? (0,7)]* = 37 (127 ()00 (s, ) + 48 £ () () (") Bevi (s, )
14
+ 2% (s")8evf (s¥, )| )
> 3ldy"(s", t”)]2, v>0.

Now by t¥ — t*°, the obedient convergence f¥ = 0 in Definition 3.2.2, and (3.25) we
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obtain a nonzero lower bound for sufficiently large v,
vin Y2 VN2 3. V(Y N2 . 1/ v vy\2 1/..00 00\2
|dw? (0, 7)) 2 2/7(s")?de"(s", ) = $(rL— 72 2 L -7 > 0. (3.27)

Next we use (3.23)—(3.26) to transfer the upper bound in (3.17) to the gradient of the
rescaled maps for sufficiently large v,

sup  |dw”(s,t)|?
(s,t)€Bv (0)

12£7(5%) 050 (8" (5, 1)) + 4L (V) () (s* + 2£(s*) )0} (¢ (5,1))|”
= sup Z V(o V(o V(v 2
(s,:)€Bw (0) 55 + |2F7(s” + 217(s")8) 8wy (8" (s, 1))
< (@) + 4 s7(s") max [(f)(5))*+ (3£(s")F)  sup |du(z,y)P
S€[-p.) (z,y)€Bev (s¥,t¥)
< 18f¥(s¥)? sup ldu(z, y)> < 18(7%° — 7°)2, (3.28)
(@.4)€Bev (5% 17)

Using these gradient bounds (and the compact boundary conditions in the case of non-
compact symplectic manifolds), standard Gromov compactness asserts that after passing
to a subsequence, wg resp. w} resp. w4 converge C* on the interior of R x (—o0, —1/2]
resp. R X [—1/2,1/2] resp. R x [1/2,00).

To obtain convergence up to the seams R x {£1/2}, we will first prove convergence of
somewhat differently rescaled maps. More precisely, to prove convergence of wg, w} near
the Lp;-seam R x {—1/2} we consider the maps

ug: Uy = (=r",r") x (=1/2,0] — My, uf: Uy == (=r",7") % [0,1/2) — M,
given by rescaling w4 (s, t) := v} (¢”(s + it)) with the holomorphic map
YY(z) i= sV + 2fY(s")z —iFY(s¥ + 2f(s¥)2),

where we identify (s,t) € R? with z = s + it € C, and F” is the extension of f“ from
Definition 3.2.2. To see that " is well-defined on U§ UUY for sufficiently large v, despite
f¥ resp. F” only being defined on [—p, p] resp. [—p, p]%, note that s¥ — s* € (—p,p)
and ¥ f¥(s¥) — 0 by (3.23). To ensure that uj is well-defined for large v and ¢ = 0,1
we moreover need to verify that ¢”(Uy) lies in the domain of v}. Indeed, firstly we have

YV (UYVUY) C (—p, p)? for large v by s¥ — s> € (—p, p), (3.23), and F 5. Secondly,
the bounds required by the seams are

imyY(s+it) < —fY(rey”(s+1it)) Vs+ite Uy, (3.29)
[imy¥ (s +it)| < fY(rey”(s+it))  Vs+ite€ Uy (3.30)
for large v. For that purpose we rewrite
imyY (s +it) £ fY(rey’(s + it))
= 2tf¥(s") —re F¥ (s + 2f¥(s")(s + it))
+ f”(s" +2f¥(s")s +im F¥ (s” 4+ 2f*(s")(s + it)))
= (2t —1£1)f7(s" +2f%(s")s) + E{(s,t) — re E¥(s,t) & E¥(s, ).
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with
EY(s,t) = 2t(f(s") = f(s" + 2f"(s")s)),
EY(s,t) = F¥(s" + 2f"(s")(s +1t)) — F¥(s" + 2" (s")s),
E3(s,t) = f" (s“ +2f%(s")s +im F¥(s” + 2f(s") (s + zt))) — fU(s" +2f7(s")s).

We can bound EY, E¥, EY for large v and (s,t) € Uy UUY C B+ (0), using the obedient
convergence fY = 0 from Definition 3.2.2,

B (s, )] < 4tl(£*) lico £ (s")s < 8tr”||(£*) llcoCof (s + 2f*(s")s), (3.31)
|E3 (s,t)| < [|DF¥||co2tf*(s") < 2t|| DF”||coCof” (s” + 2f(s")s), (3.32)
|E5 (5, 8)] < () llco|im F¥(s* + 2f*(s”) (s + i) (3.33)

)
= I(f*) llco [im (F(s* + 2f(s*)(s + it)) — F¥(s" + 2f"(8")8))(
< () ol DF* w225 ()
< 24[|(£*) llcol DF*[lcoCof* (s* + 2f*(s")s)-
Then by (3.23) and F¥ €% 0 we obtain for sufficiently large v
lim ¥ (s + it) £ f¥(reyp” (s +it)) — (2t — 1 £ 1)f¥ (s + 2f¥(s")s)| < tf¥(s¥ +2f7(s")s).
To check (3.29) from this, recall that ¢t € (—1/2,0] on U§ so that
imy” (s +4t) + f¥(rey’ (s +it)) < tf¥(s¥ +2f7(s¥)s) < 0.
Similarly, on U} we have t € [0,1/2) so that (3.30) follows from
fY ey’ (s+it)) £imy¥ (s +4t) > (1 —t £ (2t — 1)) f¥(s¥ + 2f7(s")s) = 0
since f¥*>0,1—-t—-2t+1=2-3t>0and1~t+2t—-1=¢t>0.

Now that ug,u} are well-defined, note that the advantage of this rescaling is that the
resulting maps are pseudoholomorphic with respect to the standard complex structure ¢
on their domains (viewed as subsets of C). On the other hand it straightens out only one
seam,

dz”((—r",r”) X {0}) = {(s” +2fY(s")s, —f”(s” + 2f”(s”)s)) ]s € (—r",r")}
c {(z,y) eR?|y=—f"(x)} = S,
so that we obtain the Lagrangian seam condition
(ug(s,0),u¥(s,0)) € Loy Vse (-r’r),

but the L;2-condition would hold on the curved seam (*)~1(S;). However, we use this
rescaling only to prove convergence near the Lg;-seam, and to prove convergence of wy{, wy
near the Lip-seam would use the rescaling z — s¥ + 2f¥(s¥)z + iF¥ (s + 2f%(s")z).
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More precisely, we will below prove CX.-convergence of u; near R x {0} since this yields
control of the maps of interest wj for £ = 0,1 near the seam R x {—%} Indeed, w; =

Yo (1Y)t o ¢¥) is obtained from uy by composition with the local diffeomorphisms
(¢¥)~! 0 ¢* which by Lemma 3.3.3 converge C£2 to a shift map. On the other hand, to
establish convergence of the uj, we can start from local uniform gradient bounds given by
(3.28) via the reparametrization with (¢*)~!o¢”. Further, we can work with the “folded”
maps uf;: (—r7,7¥) x [0,1/2) — My x My given by ug,(s,t) = (ug(s, —t),u¥(s,t)).
These satisfy the Lagrangian boundary condition ug; (s,0) € Lo for s € (—r",r") and are
pseudoholomorphic with respect to K (s,t) := (= J¥ (v*(s—it))) x JY (¢ (s+1t)), which
converges to Ky 1= (—J§°(s>,0)) x J(s*,0) in C. Now standard compactness for
pseudoholomorphic maps implies that after passing to a subsequence, (ug;) converges C%.
on R x [0,1/2), and as discussed above this implies C22-convergence for the corresponding
subsequence of w{, w} near the Lg;-seam R x {—1/2}.

An analogous argument shows that w{, wjy converge Cf° near R x {1/2}, so we have now
shown that wg, w{, w5 converge CX, everywhere to a (J§°(s%,0), JT°(s*,0), J$*(s%,0))-
holomorphic figure eight bubble w* between Lo; and Li3. The lower gradient bound in
(3.27) implies that w™ is nonconstant and hence has nonzero energy, hence by Lemma 3.2.8
has energy at least ig > 0. Finally, rescaling invariance and C%-convergence imply energy

concentration of at least Aig at (sy+1,0):

liminf/ 1|dv | > liminf Z / wZ*wa/ ‘dwu|22fis>0.
V=00 BEV(S",tU) V—00 56{012} R2

(D02): We will obtain a squashed eight bubble in Mp2 with boundary on Lg; o L1z by
rescaling

w}f(s, f) = vg(s” + 1%91/7 ;UEZ; RV>’

where we have set f¥(s) := R”f(s” + s/RY), to obtain maps

wb: U = {(s,8) | —R(p+") Ss SR(p—s"), 52O <t < - F(0)} = i,
wi: U i={(s,t) | - R’(p+5") <s<R“(p—s"), —f*(0) St < F*(0)} — M,
wf: Uy = {(s,8)| ~R"(p+") S s < R(p—s"), F(0) <t < LSO} 0,

- e

Each wy is pseudoholomorphic with - respect to (J”(s t),7%), where the almost complex
structure J"(s t) = J/(s" + s/RY, f”(s)t/f”(O)R”) converges Ci°. to Je = J5®(500,0)
and the symmetric complex structure j* on UY UUY UUY C R?

_U)(s) _ )

v — _ (o) Jv(0)
(s ) = ) ()2+f (0%t ) (s)
fY(0)f¥(s) f¥(0)

converges C> to the standard complex structure by Lemma 3.3.3 with o := RY. The
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maps w, also satisfy the Lagrangian seam conditions
(w§ (s, = F*(0)), w¥ (s, = F*(0)) € Lox,  (w¥(s, f*(0)), wh(s, f*(0))) € L1

for all s in (—RY(p + s),R"(p — s”)). By the C-convergence F4(s)/f*(0) = 1 proven
in Lemma 3.3.3, we may choose a subsequence and r¥ — oo with r¥ < RY€”/4 such that
we have

1P (8)/ 7 (O)lle (v vy < 2 (3.34)

for v sufficiently large. This allows us to translate (3.17) into upper and lower bounds on
the energy density |dw”| for sufficiently large v,

[dw”(0, )] 2 gholde”(s", )] > 4,

sup |dw’(s,f)| < sup  Aldu’(s,t)| < 8.
(s,t)€Brv (0) (8,t)E€B.v (s¥,t¥)

Here we estimated R,,|8s latve] < |oswy| < ( + 72y )ldvﬂ used the

| - Rufv O) vau
identity |Swy| = W O)|8tvl| and need to check that (s,t) € B, (0) implies (s¥ +

Vo L%RL) € Be (s”,tY) for sufficiently large v. Indeed, (3.34) yields:

\/

I(}‘Zs_‘” ;u(o)—R—"—t )I/e = R"e"_i__1 <3 +%t}%’ (3'35)
where RY¢¥ — oo and 7{ — 7 € R. Next we consider the limiting behaviour of
the domain Uy U UY UUy. Its straight boundaries diverge —RY(p 4 s*) — —oo resp.
RY(p — 8) — oo since s — s® € (—p,p). The functions £pRYf*(0 )/f"(s) of the
upper/lower boundary converge C*, to oo resp. —oo by Lemma 3.3.3 with o¥ := RY and
RY — oo. Flnally, the straight seams {t = =+ f“(0)} shrink to a single seam {t = 0} since
we have f¥(0) = iy —1v) > 0.

Now we may apply Theorem 3.2.9 to this strip shrinking situation to deduce that after
passing to a subsequence, (wg (s, t— 7(0)) resp. (w 5 (s, t+f¥(0)) converge in C7° (—H) resp.
Cee (H) to J°°— resp. J°°-holomorph1c maps wg® resp. ws°, and that (w}|;=o) converges in
C (R) to a smooth map w$°. Furthermore, at least one of w§®, w$® is nonconstant, and the
generalized seam condition (w§°(s,0), w°(s), w(s), ws®(s,0)) € Lo1 X pr, L1z is satisfied
for s € R, so that (w§°, ws®) is a nonconstant squashed eight bubble with boundary on
Loy o L1z, with energy bounded below by hryor,,. Finally, rescaling invariance, C°-
convergence, and the containment proven in (3.35) imply energy concentration:

lim inf 1|dv”|? > liminf / vy *we > lim inf /
y=ro0 B (s¥,t¥) vy le{202} B.v(s¥,t¥) [G{ZOZ} .,-u(O)

Z /wé we > hL01°L12

ee{o 2}

This ends the construction of a nontrivial bubble in the this last case, (D02), and thus
finishes the iterative construction of a subsequence and blow-up points so that (0), (2),
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and (3) hold. To establish the CX-convergence on the complement of the blow-up points
claimed in (1) we will apply Theorem 3.2.9 to quilted domains that make up rectangles in
(—P, P)2\{21, sy ZN}-

Standard elliptic regularity implies that v{(s,t — f¥(s)) resp. v§(s,t + f¥(s)) converge
CX. on the interior of their domains (—p, p) x (—p, 0]\ Z resp. (—p, p) x [0, p)\Z. To extend
this convergence to the boundary and to establish convergence of v{(s,0), fix a point (o, 0)
in (—p, p) x {0}\Z, and define three maps by rescaling v; for £ = 0,1, 2 and straightening
the seams:

wy(s,t) == vy (o +s, ——f%i”r)t)

For r > 0 sufficiently small, these maps form a squiggly strip quilt of size (f¥(o),r), which
is (JO, J1 , J2 , 7 )-holomorphic for Je and j” the pulled-back almost complex and complex
structures

_ _ ) (sta)y [ (s+o)
T (s,t) = Jg (o +5, 5852, 5¥(s,t) = ( U Py o (f”)f(sfa)t ) ‘
f7(0) f7(s+0) f7 (o)

The obedient shrinking f” = 0 and the Arzéla—Ascoli theorem guarantee that after passing
to a subsequence'?, f¥(s + o)/ f" (o) converges in CX; therefore Jy and j¥ converge in C{X.
to almost complex and complex structures J°° and 7. As long as r was chosen to be small
enough, the bound ||j*° — ¢||co < € holds (where € is the constant appearing in Thm 3.2.9),
so Theorem 3.2.9 implies that wg(s,t — f¥(0)), w{(s,0), wy(s,t + fY(c)) converge C£2, to
smooth maps wg®, wi®, ws® that satisfy a generalized seam condition in Lo; X s, L12. Since
fY(s+0)/f¥ (o) converges Cf., we may conclude that vg (s, t—f“(0)), v¥ (s, 0), v§ (s, t+ f¥(0))
converge Cf° on a neighborhood of (0,0), and the limit maps satisfy a generalized seam
condition in Lo X7 Li12. We established convergence away from (—p, p) x {0} earlier, so
we have now proven (1). This finishes the proof of Theorem 3.3.1.

Remark 3.3.4. The purpose of this remark is to discuss the minimal assumptions which allow
one to apply Theorem 3.3.1 to symplectic manifolds My, M7, M2 that are not compact.
If the Lagrangian correspondences are compact, then — unlike the “bounded geometry”
assumptions in [WeWol] — we do not explicitly require uniform bounds on metrics and
almost complex structures (which were used in [WeWol] to show energy concentration in a
sequence of pseudoholomorphic maps with unbounded gradient). Instead we need to ensure
convergence of maps which result from rescaling near a blow-up point of the gradients of
a sequence of pseudoholomorphic maps. If the rescaled domains contain boundary or seam
conditions, then compactness of the Lagrangians implies C>-bounds so that the rest of our
arguments applies in a precompact neighborhood of the Lagrangians. If the rescaled domains
do not contain boundary or seam conditions, or if the Lagrangians in the boundary or seam
conditions are noncompact, then C%-bounds must be obtained a priori from some special
properties of the symplectic manifold or Lagrangians.

Note that the C%-bounds are not merely technical complications — in general, nontrivial
parts of sequences of pseudoholomorphic curves can and will escape to infinity, at best
yielding punctures and SFT-type buildings in the limit. One way to achieve C%-bounds
would be to work with completed Liouville domains and Lagrangians which are cylindrical

12For those choices of (f“) that arise from natural geometric situations — e.g. from the figure eight bubble
— we expect convergence directly, i.e. without passing to a subsequence.
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at infinity, as in Abouzaid-Seidel’s definition of the wrapped Fukaya category in [AboSe].

Footnotes 6 and 11 point out the main instances where the specific geometry would have
to be considered when dealing with noncompact manifolds. When working with noncompact
Lagrangians, one would have to make additional assumptions — such as “bounded geometry”
for symplectic manifolds and Lagrangians — to guarantee uniformity of the elliptic estimates
in [Bol].

3.4 Boundary strata and algebraic consequences of
strip-shrinking moduli spaces

The purpose of this section is to analyze the expected boundary stratification of strip-
shrinking moduli spaces and from this predict the algebraic consequences of figure eight
bubbling. While we make an effort to provide convincing arguments for the more surprising
features, this part of our exposition will be rather cavalier — aiming only to explain the rough
form of what we expect to be able to make rigorous. In particular, all Floer cohomology
groups will be considered as ungraded and with coefficients in the Novikov field defined over
Za, which should be valid as long as sphere bubbling can be avoided. We ultimately expect
a fully-fledged graded theory with Novikov coefficients defined over Q (resp. over Z in the
absence of sphere bubbling).

3.4.1 Boundary stratifications and their algebraic consequences

One of the intuitions in the treatment of pseudoholomorphic curve moduli spaces is that
sphere bubbling is “codimension 2” and disk bubbling is “codimension 1”. We give a more
rigorous statement of this intuition in the polyfold framework and explain its algebraic
consequences in Remark 3.4.1 below, and will argue that, in a similarly imprecise sense,
figure eight bubbling is “codimension 0” within the “zero-width boundary components” of
quilt moduli spaces involving a strip or annulus of varying width.

Remark 3.4.1 (Codimension and algebraic contribution of sphere and disk bub-
bles). In the polyfold setup for pseudoholomorphic curve moduli spaces (whose blueprint
is given in [HoWyZel] at the example of Gromov-Witten moduli spaces), the compactified
moduli space is cut out of the ambient polyfold by a (polyfold notion of) Fredholm section,
which arises from the Cauchy-Riemann operator. Transversality while preserving compact-
ness can then be achieved by adding a small, compact (possibly multivalued) perturbation,
which is supported near the unperturbed moduli space. This equips the perturbed moduli
space with the structure of a compact (possibly weighted branched) manifold. For exposi-
tions of this theory see e.g. [Ho, HoWyZe2, FaFiGoWe].)

An important feature of the ambient space is that there is a sensible notion of “corner
index” — a nonnegative integer associated to each point in the polyfold, so that the points
of corner index O resp. resp. > 2 should be thought of as the interior resp. smooth part of
boundary resp. corner stratification. The transverse perturbation can be chosen compatibly
with corner index, so that a Fredholm index 0 section gives rise to a perturbed moduli space
lying in the interior of the polyfold, and a Fredholm index 1 section gives rise to a perturbed
moduli space whose boundary is given by the intersection of the zero set with the smooth
(corner index 1) part of the polyfold boundary. The index 0 components of the perturbed
moduli space are then typically used to define an algebraic structure, whose algebraic rela-
tions arise from the fact that the Fredholm index 1 component has nullhomologous boundary
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corresponding to algebraic compositions of Fredholm index O contributions. More precisely,
the sum over the algebraic contributions of each boundary point is zero, and since these
boundary points are given by the zero set of the section restricted to the smooth part of the
boundary of the polyfold, the algebraic relations are given by a sum over these boundary
strata.

It turns out that interior nodes do not contribute to the corner index, and in particu-
lar that curves with sphere bubbles and no other nodes are smooth interior points of the
polyfold. This can be understood from the gluing parameters (Rp, o) x S! used to describe
a neighborhood of the node. The corresponding pre-gluing construction provides a local
chart for the polyfold, in which the gluing parameters get completed by {oc} to an open
disk, which contributes no boundary. On the other hand, gluing at a boundary node or a
breaking is described by a parameter in (Rp, 00), which gets completed by {oo} to a half-
open interval, so that pre-gluing in these cases provides local charts in which parameter co
indicates a contribution of +1 to the corner index. Hence each boundary node (e.g. from
disk bubbling), each trajectory breaking (as in Floer theory), and each extra level of build-
ings (in SFT) contribute 1 to the corner index. This explains why sphere bubbling does not
contribute to algebraic relations of the type discussed here, and instead it is the curves with
exactly one boundary node (e.g. one disk bubble) or one breaking which contribute to the
algebraic relations.

Following the above remark, we need to analyze the boundary stratification of the poly-
folds from which the strip-shrinking moduli spaces are cut out in order to predict the alge-
braic consequences of figure eight bubbling. For that purpose we describe in the following
the pre-gluing constructions that provide the local charts near figure eight and
squashed eight bubbles:

¢ Gluing a figure eight into a pseudoholomorphic quilt has to go along with introducing
an extra strip of width § > 0. Since figure eights do not have an S! symmetry, it then
remains to fix the length of neck between the bubble and the quilted Floer trajectory.
However, this gluing parameter in (Rp, 00) is in fact fixed by the choice of width § > 0, as
illustrated in Figure 3-1. Hence, while figure eight bubbles can only appear on the § = 0
boundary, they do not contribute to the corner index. This means that a § = 0 quilted
Floer trajectory with any number of figure eight bubbles will still just have corner index
1. Indeed, the figure eights can only be pre-glued simultaneously since their neck-lengths
must all be given by the same strip width § > 0.

e The configuration of a squashed eight bubble with seam in Lg; xps L1z attached
to a § = 0 quilted Floer trajectory has corner index 2 since it can be glued with two
independent parameters. Indeed, the pre-gluing construction is to first widen the seam
in both the base and the bubble to strips of independent widths § € [0,1) and € € [0,1)
(turning the squashed eight into a figure eight in case ¢ > 0), and to then pre-glue the
resulting bubble into the quilt with a gluing parameter R € (Rp,00|. Here the strip
width § is determined by (R, €) as follows: Pre-gluing with R = 0o,¢e > 0 yields a (only
approximately holomorphic) figure eight attached to a middle strip of width §(co,¢) =0
whereas R < 00,€ = 0 produces a (approximately holomorphic) quilted Floer trajectory
with middle strip width §(R,0) = 0. Positive strip width §(R,e) > 0 is achieved only
with R < 00, € > 0, providing the interior of the chart.
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Figure 3-1: A figure eight bubble can be glued to a marked point on a double strip indicated
in the left figure. This is done by first fattening the seam in the double strip to a new
middle strip of width § and centered puncture at the old marked point, then overlaying
a neighborhood of this puncture with a neighborhood of the figure eight singularity in
cylindrical coordinates, and finally interpolating between the maps on the new domain.
In this construction the neck-length parameter R is determined by the strip width 4, as
illustrated in the right figure: Since the seams are not straight in cylindrical coordinates,
the relative shift between bubble and triple strip is determined by the positions of the seams
having to match. Note that these figures illustrate the domains of the respective maps, not
their images.

e Similarly, a disk bubble with boundary in Lg; or L1z attached to a § = 0 quilted Floer
trajectory has corner index 2 since the length of the gluing neck is independent of the
width & > 0. In fact, in our tree setup there would be a constant figure eight between
the disk and Floer trajectory, so that the gluing parameter is used to pre-glue the disk
into the figure eight, and the width parameter pre-glues the resulting figure eight into the
Floer trajectory.

Remark 3.4.2 (Boundary stratification of strip-shrinking moduli spaces). The gluing
construction for squashed eights above indicates that the closures of the two top boundary
strata given by & = 0 quilts with one figure eight bubble (i.e. R = co,e > 0) and by d =0
quilts with no bubbles (i.e. R < co,e = 0) intersect in a corner index 2 stratum consisting
of § = 0 quilts with one squashed eight bubble (i.e. R = oo,e = 0). To see how a sequence
of § = 0 quilts with one figure eight bubble can converge to a ¢ = 0 quilt with one squashed
eight bubble, note that the moduli space of figure eight bubbles has a boundary stratum
in which all energy concentrates at the singularity, so that rescaling yields a squashed eight
bubble attached to a constant figure eight.

Note here that different choices of rescaling yield constant figure eights with different
values — namely any seam value of the squashed eight except for its value at infinity. Thus
the resulting figure eight here is a true “ghost eight" in the sense that its value would be
determined by the choice of a marked point on the squashed eight; however we do not make
a specific choice. In fact, a constant figure eight with no further marked point (except at
its singularity, where the squashed eight is attached) would not be stable. We will however
include these ghost eights as stable figure eight vertices when describing the bubble trees as
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colored ribbon trees.

Let us compare this to the fact that a disk bubble with boundary on Lo; or Lis attached
(via a constant figure eight) to a § = 0 quilted Floer trajectory lies in the intersection of
a stratum of § > 0 trajectories with disk bubble and a stratum of § = 0 trajectories with
figure eight bubble. In the first stratum the width goes to zero at the corner, whereas in the
second stratum the figure eight converges to a constant figure eight with disk bubble. In this
case, however, the constant value of the figure eight is uniquely determined by its attaching
point on the quilted Floer trajectory, and the figure eight is stable due to the marked point
at which the disk is attached.

3.4.2 Strip shrinking in quilted Floer theory for cleanly-immersed geo-
metric composition

With this framework in place, we now analyze the boundary stratification of a specific
strip-shrinking moduli space, from which we will obtain specific algebraic predictions in
Section 3.4.4.

The isomorphism between quilted Floer homologies (2.1) under monotone, embedded
composition is proven by applying the cobordism argument in Remark 3.4.1 to a moduli
space of quilted Floer trajectories with varying width § € [0,1] of the strip mapping to
M,. Here the boundary arises from the strip widths § = 0 and § = 1, since other bubbling
or breaking is excluded by the monotonicity assumption. Recall however that this bubble
exclusion fails even in monotone cases as soon as the geometric composition is a multiple
cover of a smooth Lagrangian (as in many examples of interest, e.g. [We2]). In order to
obtain a result that allows for general symplectic manifolds and Lagrangians and cleanly-
immersed composition Lg; o L1z, we need to study the boundary strata of the polyfold
which provides an ambient space for a general compactified moduli space of quilted Floer
trajectories with varying width. In addition to breaking and bubbling (of disks, squashed
eights, and figure eights), the ends of the interval [0, 1] contribute to its corner index. Based
on the previous analysis of gluing parameters, we predict that the top boundary strata
of the Gromov-compactified strip-shrinking moduli space (the strata with corner
index 1) are the strata of the following types:

B1) quilted Floer trajectories for § = 1;
B2) once-broken quilted Floer trajectories for é € (0, 1);
)

B4) quilted Floer trajectories for § = 0 with generalized seam condition;!3

(
(
(B3) quilted Floer trajectories with one disk bubble on a seam for § € (0,1);
(
(B5) quilted Floer trajectories for § = 0 with any number of figure eight bubbles.!4

Within each such boundary component we may also find curves that include trees of sphere
bubbles. Furthermore, contributions from (B2) and (B3) necessarily involve curves that for

!3 Since the Lagrangian Lg; o L1y is in general just a clean immersion, we require not only that the
corresponding seam gets mapped to the composed Lagrangian, but we require this map to lift continuously
to Loi X ary, Li2, and include the lift as data of the Floer trajectory.

4 In this case, the generalized seam condition requires a lift to Lo1 X as, L12 that is continuous (and hence
smooth) on the complement of the bubbling points, and at each bubbling point is possibly discontinuous in
a way that matches with the limits lim,_, +o0 wi1(s,-) of the figure eight.
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fixed § are not cut out transversely, i.e. these contributions come from a finite set of singular
values of ¢ € (0,1).

To argue for our prediction, in particular the necessity of allowing figure eight bubbles
in (B5), from a more geometric perspective, let us go through the rather silly example
of shrinking the strip in standard Floer theory for a pair of Lagrangians Loy C pt xM;
and Lip C M; X pt. In this case, the boundary component (B1) represents the Floer
differential. The boundary components (B2) and (B3) will be empty, since the Cauchy-
Riemann operator for each § > 0 is just a rescaling of that for § = 1, and hence all can be
made regular simultaneously. Hence the Floer differential must coincide with the algebraic
contributions from (B4-5). Indeed, each Floer trajectory can be viewed as a figure eight
bubble by Example B.0.7, and in this case is attached to the constant Floer trajectory
in pt x pt. Broken Floer trajectories are excluded for index reasons. More evidence for
the necessity of (B5) are the Floer homology calculations in [We2] between Clifford tori
and RP"® C CP" resp. the Chekanov torus in S? x S? using strip shrinking for multiply
covered geometric composition, where bubbling can only be excluded for classes of Floer
trajectories whose limits are not self-connecting. Nonzero results for the corresponding
entries of the differential from other calculation methods then indirectly show nontrivial
figure eight contributions.

At this point, a reader comfortable with evaluation maps into appropriate spaces of chains
may skip to the algebraic consequences in Section 3.4.4. However, we will construct these
algebraic structures from the following more complicated moduli spaces that will simplify
both our analytic and algebraic work, and also serve to further solidify our prediction of
boundary stratifications.

3.4.3 Morse bubble trees arising from strip-shrinking moduli spaces

To capture the algebraic effect of figure eight bubbling in terms of Morse chains on Lg; X s,
L9, we will extend strip-shrinking moduli spaces by allowing Morse flow lines between figure
eight, squashed eight, and disk bubbles'®. This will be achieved by organizing the tree of
bubble vertices and Morse edges into a colored metric ribbon tree (as introduced in [MaWo,
Def. 7.1]) whose root is the base quilt in which the strip was being shrunk. This approach
is analogous to constructing the Ay-algebra of a single Lagrangian submanifold via trees of
disk vertices and Morse edges'® which we sketch in the following Remark before explaining
its generalization to strip-shrinking moduli spaces.

Remark 3.4.3 (Polyfold setup and boundary stratification for trees of disks with
Morse edges). Consider a single disk bubble attached by a marked point to e.g. a Floer
trajectory. If we enlarge the moduli space by Morse flow lines between nodal pairs of
boundary marked points, then boundary strata with length 0 flow lines cancel strata with
boundary nodes and we obtain a compactified moduli space of metric ribbon trees whose
root is the attaching point, vertices are represented by pseudoholomorphic disks (modulo
appropriate reparametrizations which we will not discuss), and edges are represented by
generalized Morse trajectories (including broken trajectories that compactify the space of
finite length Morse trajectories) that are directed toward the root.

15 Here we identify quilted spheres with two patches in My and M4, with disks in M, x Mgy1; see
footnote 1.

16 This has been a partially realized vision in the field for a while. Formally, it follows the Ao, perturbation
lemma [Se, Prop. 1.12] for transferring an A-structure on a space of differential chains to the space of Morse
chains. A related moduli space setup was proposed in [CoLa] but with a different algebraic goal.
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In [LiWe|, assuming the absence of sphere bubbling, this moduli space is described as
the zero set of a Fredholm section in an M-polyfold bundle. This section is given by the
Cauchy—Riemann operators on each vertex together with the matching conditions for each
edge between the endpoints of the Morse trajectory and corresponding marked point evalu-
ations of the disk maps. The ambient M-polyfold is the space of trees in which vertices are
represented by (reparametrization equivalence classes of) not necessarily pseudoholomorphic
maps and edges are represented by generalized Morse trajectories. Nodal configurations with
edge length 0 are interior points of this space by pre-gluing of the nodal disks into a single
vertex (this is made rigorous in terms of M-polyfold charts arising from the pre-gluing con-
struction). Hence the boundary stratification of this space is induced by the compactified
space of Morse trajectories — which was given a smooth structure in [We4], with corner
index equal to the number of critical points at which a trajectory breaks.

Now the arguments of Remark 3.4.1 yield an algebraic structure from counting isolated
solutions whose relations are given by summing over the top boundary strata (those with
corner index 1). In this case, adding incoming Morse edges from input critical points yields
a curved A.-algebra because the top boundary strata — configurations with exactly one
broken trajectory, i.e. edge of length oo — correspond to the top boundary strata of a
space of metric ribbon trees. The stable trees in the latter realize Stashefl’s associahedra,
so that the boundary strata yield the Ay-relations with the exception of terms involving
p! or u% These additional terms arise from breaking into two subtrees of which one is
unstable with zero or one incoming Morse edge. Similarly, considering Floer trajectories
for pairs of Lagrangians (or quilted Floer trajectories) with several bubble trees (on each
boundary component resp. seam) yields the relations for the Floer differential coupled with
the Ax-algebras of the Lagrangians.

Sphere bubbling can be included here by extending the ambient space of disk maps
and Morse edges to allow for trees of spheres attached to the maps. This introduces the
additional complication of isotropy, turning the ambient space into a polyfold (M-polyfolds
are a special case with trivial isotropy) and forces the use of multivalued perturbations, thus
yielding rational counts. However, as discussed in Remark 3.4.1, this does not affect the
boundary stratification and algebraic consequences.

Ignoring sphere bubbling as above, we introduce Morse flow lines into strip-shrinking
moduli spaces in two stages: First, we allow for Morse edges between disk bubbles and the
domain in which they occurred. As in Remark 3.4.3 this captures disk bubbling on seams
in an algebraic coupling with the curved A..-algebras generated by Morse chains on the
Lagrangian correspondences that are not involved in the strip shrinking. If such a tree of
disks was attached to a seam in the quilt for § > 0, then in the § = 0 limit we represent
it by a tree attached to the respective seam of a constant figure eight bubble. We then
begin the second stage of extending the strip-shrinking moduli space by introducing Morse
flow lines on Lgi Xpr, Li2 between the quilt and figure eights. Since a zero width strip
with any number of figure eight bubbles is a corner index 1 boundary point, we need to
extend with a single normal parameter, so take all Morse edges of the same length —§. This
extends the strip width parameter from § € [0,1] to § < 0, and to compactify the resulting
extended moduli space we allow for Morse breaking (simultaneously for each figure eight)
as § — oo but also need to take into account that besides disk bubbling (which is dealt
with as before) we may have squashed eight bubbles appearing by energy concentration on
the base quilt or at the singularity of a figure eight bubble (as in Remark 3.4.2, with the
remaining figure eight being either nonconstant or a ghost eight). We cancel these boundary
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components again by introducing Morse flow lines on Lg; X ps; Li2, whose length can now
vary individually. However, since squashed eights appear between the base quilt and figure
eights, the length of these Morse edges has to be accounted for in the condition of figure
eights all being at the same “Morse distance” from the base quilt. So the bubble hierarchy
indicated in Figure 1-2 yields a construction of the extended moduli space (more precisely
its part on which é§ € [—00,0]): It consists of Morse bubble trees over quilts of strip
width zero that are organized into colored metric ribbon trees (see [MaWo, Def. 7.1]) as
follows:

e The root is represented by the base quilt in which the strip has been shrunk to width 0.

e Other vertices are represented by a pseudoholomorphic disk, squashed eight, figure eight,
or ghost eight. Figure eights and ghost eights are the colored vertices, of which there is
exactly one between each leaf and the root. The squashed eights are exactly the vertices
between the root and a colored vertex.

e Each edge is labeled by a “Morse length” in {0, o], and the “Morse distance” between each
colored vertex and the base quilt (the sum of lengths of edges in between base quilt and
figure eight resp. ghost eight) is the same. We denote this “figure eight height” by —4 for
§ € [-00,0].

e Each edge attached to a disk vertex is represented by a generalized Morse trajectory on
Loy resp. Lyo of the given length. Each edge between figure eights, squashed eights, and
the root is represented by a generalized Morse trajectory on Lo; Xar, L1z of the given
length.

e Disks and squashed eights are constant only if the vertex has valence > 3. Figure eights
are constant only if the vertex has valence > 2. Ghost eights only appear as colored leaf
attached by a ghost edge to a squashed eight vertex of valence 2. The ghost vertex and
ghost edge carry no geometric information other than a length of the ghost edge in [0, oo].

o Later on we generalize these moduli spaces further to obtain algebraic coupling with the
Morse chain complexes on Lo; and Li2. For that purpose we allow “half-infinite edges”
which terminate at a leaf and are represented by generalized Morse trajectories in the
compactifications M(z_, L;;) of unstable manifolds of critical points z_.

Note that constant figure eights are stable from an isotropy point of view when their
vertex has valence > 2. The ghost eight leaves are forced by the fact from Remark 3.4.2
that the moduli space (resp. ambient polyfold) of figure eight quilts has a boundary stratum
on which all energy concentrates at the singularity, so that rescaling yields a squashed
eight bubble that is attached to a constant figure eight quilt, whose value can be varied
by changing the rescaling (that’s what we denote by ghost eight). If the figure eight was
nonconstant, then the resulting boundary stratum of the moduli space of fixed tree type is
cancelled by the boundary stratum in which the Morse edge between a squashed eight and
a figure eight vertex is of length 0. Qur setup including ghost eight leaves is equivalent to
requiring squashed eight vertices to have “Morse distance” from the base quilt less or equal
to the “figure eight height”, and using the boundary strata resulting from equality to cancel
the above mentioned strata in which a figure eight vertex degenerates into a squashed eight.
From here we can note that any breaking of trajectories between squashed eights or figure
eights and the main component corresponds to Morse height —6 — oo and thus forces at
least one breaking between each figure eight vertex and the root. (Between ghost eights and
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Figure 3-2: A contribution to the differential on CF (Lo, (Loi1©L12, Y 1 ;>0 bgl;), Ls). The two

subtrees above the Morse critical points contribute to 17(1,12l and bglzo, respectively. The dashed

lines indicate the level structure of the colored metric ribbon tree. Additional half-infinite

edges are labeled with the Morse cochains by or bg, indicating a formal sum of trees whose
half-infinite edges are Morse edges starting at the Morse critical points that represent the
cochains.

the root, this can be achieved by a broken Morse trajectory between a squashed eight and
the root, or by a ghost edge of length oc.) If there is just one breaking for each figure eight
(and for each ghost eight either the ghost edge is infinite or there is one breaking between
the squashed eight and quilt), then the result lies in the top boundary stratum, but any
additional breaking of an edge adds to the corner index individually.'”

As in Remark 3.4.3, we expect to obtain an ambient polyfold (or M-polyfold if sphere bub-
bling can be a priori excluded) by replacing the pseudoholomorphic curves and quilts with
appropriate spaces of not necessarily pseudoholomorphic maps modulo reparametrization.
Making this rigorous will require a precise setup of pre-gluing constructions for squashed
eights and figure eights as M-polyfold charts from [BoWel], which will also make the pre-
dicted boundary stratification rigorous. Further steps in the program are the Fredholm
property of the Cauchy-Riemann operator, and formal setups for the construction of gluing-
coherent perturbations and orientations. However, we can already see that the boundary
stratification of this polyfold is — apart from strata of types (B1-4) on page 90 — induced
by the boundary structure of the compactified Morse trajectory spaces from [We4]. These
§ = —oo boundary components correspond to the boundary strata of the compactified space
of colored metric ribbon trees (given by allowing infinite edge length). Since stable trees
of this sort realize Stasheff’s multiplihedra [MaWo, Thms. 1.1, 7.6], we expect to obtain
Ao-functor relations from this boundary component. More precisely, we expect to obtain
algebraic relations from the top boundary strata of the compactified strip-shrinking
moduli space with Morse bubble trees, which replace our previous list (B1-5) as fol-
lows:

17If there are N figure eight vertices, then this effect is analogous to the breaking of finite length Morse
trajectories in the N-fold Cartesian product of Lo: X ar, L12 : The first breaking has to happen simultaneously
in all components since their lengths are coupled; further breakings are independent since trajectories can
be constant in various components.

94



(B1’) quilted Floer trajectories for 6 = 1 which may include trees of disk bubbles with finite
length Morse edges;

(B2’) once-broken quilted Floer trajectories for § € (0,1) which may include trees of disk
bubbles with finite-length Morse edges;

(B2") once-broken quilted Floer trajectories can also appear for § € (—o0,0), where they
consist of Floer trajectories of width 0 with a colored tree of figure eight height —9§,
and may include further trees of disk bubbles with finite-length Morse edges;

(B3’) quilted Floer trajectories with one disk bubble on a seam for § € (0,1) are canceled
as boundary components, but new boundary components contain quilted Floer tra-
jectories for § € (0,1) with trees of disk bubbles, in which one Morse edge is broken
once;

(B3") quilted Floer trajectories of width 0 with a single broken Morse edge can also appear
for 6 € (—00,0), i.e. in a colored tree of figure eight height —¢ with the broken edge
occurring either above the figure eight height or in a tree of disk bubbles on another
seam;

(B4’) quilted Floer trajectories for § = 0 may include trees of disk bubbles with finite length
Morse edges attached to seams that are not involved in the shrinking; but when the
width goes to zero in the presence of a tree of disk bubbles on Lg; or Lj9, this is viewed
as constant figure eight to which this tree is attached, and is canceled like other strata
of type (B5);

(B4”) quilted Floer trajectories for § = 0 with squashed eight bubbles are canceled as bound-
ary components, but new boundary components contain quilted Floer trajectories of
width 0 with a colored tree of figure eight height —d = oo, all of whose colored ver-
tices are ghost eights with infinite ghost edges; equivalently, these are quilted Floer
trajectories for § = 0 with trees of squashed eights and finite Morse edges attached to
the shrunk seam;

(B5’) quilted Floer trajectories for § = 0 with figure eight bubbles are canceled as boundary
component, but new boundary components contain quilted Floer trajectories of width
0 with a colored tree of figure eight height —§ = 0o, that is between each figure eight
or ghost eight and main quilt there is exactly one infinite edge — either an infinite
ghost edge or a once-broken Morse trajectory (of which there is at least one, otherwise
this component is listed under (B4”)) — and all other edges have finite length.

An example of a boundary point of type (B5’) is given in Figure 3-2, where the dashed
lines indicate the level structure of the colored metric ribbon tree resulting from strip shrink-
ing: In the first level above the root quilt, all vertices are represented by squashed eights,
whereas in the third level the vertices are represented by disk bubbles with boundary on
Loy or Lis. The second level provides the division since between each leaf and the root
there is exactly one vertex represented by a figure eight — though we did not graphically
represent the ghost eight vertices above the two squashed eight leaves on the left subtree.
The figure eight height of this tree is oo, reflected by at least one broken trajectory below
each figure eight — in particular, the graphically unrepresented ghost edges between the
squashed eight leaves and ghost figure eight vertices have length co. The corner index is
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1 since there is exactly one breaking for each figure eight (resp. infinite edge for the ghost
eights). A similar colored tree of corner index 1 and figure eight height oo could be obtained
by giving the ghost edges above the squashed eight leaves finite lengths, but replacing either
both edges below the leaves with a broken trajectory, or having just one broken trajectory
at the edge which attaches both leaves to the root. However, we do not expect algebraic
contributions from the latter tree types: Geometrically, this would mean an isolated solution
on the boundary of the polyfold containing the moduli space of figure eights with outgoing
infinite Morse edge. In terms of our tree setup, such solutions aren’t isolated since the length
of the finite ghost edge can be varied.

3.4.4 Floer homology isomorphism for general cleanly-immersed geomet-
ric composition

To generalize the isomorphism between quilted Floer homologies (2.1) under monotone, em-
bedded composition to general symplectic manifolds and Lagrangians and cleanly-immersed
composition Lg; o L12, we analyzed in Section 3.4.1 the boundary strata of the polyfold
which provides an ambient space for a general compactified moduli space of quilted Floer
trajectories with varying width. The cobordism argument outlined in Remark 3.4.1 then
predicts an algebraic identity from summing over the boundary strata (B1-5) on page 90
resp. the refined boundary strata on page 94.

We expect the strata of types (B2), (B3) resp. (B2’), (B2"), (B3’), (B3”) to appear only
at finitely many singular values of strip width § € (0, 1) or figure eight height é§ € (—o0,0)
and to provide a chain homotopy equivalence between two Floer complexes: The first is
in both frameworks defined from the regular strip width é = 1, with the differential given
by counting solutions of type (B1) resp. (B1’). In the Morse framework, the second Floer
complex is defined from counting regular solutions of types (B4’), (B4”), and (B5’). In the
framework of page 90, the second complex should arise from solutions of types (B4) and
(B5) at 6 = 0, though it is unclear in what sense the latter might be made regular.

Up to such a chain homotopy equivalence, or assuming there are no singular values in
(—00,1), we obtain the following identity relating the Floer differential M%&:l) arising from

strip width § = 1 and the Floer differential ,u%(lsozo) arising from strip width § = 0 with
generalized seam condition in Lo; X s, L12:*®

N%&:l)('—) = legkzo)(“ | boz, - . . , boz). (3.36)
k>0

In the Morse framework, the moduli spaces defining the differentials “%5:1) and /‘als():o) both

allow for trees of disks with finite Morse edges (including trees of squashed eights attached
to the seam obtained from strip shrinking). Figure eight bubbling is in both frameworks
encoded in the higher operations ,ué(lskzo for k > 1. In the framework of (B5), this operation
should be defined from quilted Floer trajectories of middle strip width 0 with k& incoming

marked points on the seam labeled by the immersion Lg; o L1g, and bge should be a chain

'8 Note that the moduli spaces with generalized seam condition involve a choice of lift of the seam values
to Lo X, Liz. So in case Lo o L1z is a smooth Lagrangian correspondence albeit multiply covered by
Lo1 X, Li2, this Floer complex is generated by lifts of intersection points. The differential N(l,lsio) only

counts Floer trajectories with smooth seam lift, whereas the terms ;42}’;0) for k > 1 will allow for jumps in
the seam lift.
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obtained from a moduli space of figure eight bubbles by evaluation at the singularity. In the
absence of an approach for making the latter rigorous, we will construct the operations*®
1|k
psgy © CF(Lo, Loy 0 Lz, Ly) ® CM(Loy X m, L12)® — CF(Lo, Lot © Lz, Lo)
in the Morse framework from quilted Floer trajectories of strip width 0 with k& incoming
Morse edges (represented by half-infinite trajectories in Lo; X ar, L12 starting at a Morse

critical point) attached (possibly via trees of squashed eights and finite Morse edges) to the
middle seam. Then (B5’) indicates that the Morse cochain

b02 [S CF(LOl o] L12,L01 o] L12) = CM(LOl X M, ng) (3.37)
should be defined by counting regular isolated figure eight bubble trees as follows:

e Exactly one vertex is represented by a figure eight, and this vertex lies between every leaf
and the root. All vertices between leaves and the figure eight are represented by pseudo-
holomorphic disks, and all vertices between the figure eight and the root are represented
by squashed eights.

e Each edge attached to a disk vertex is represented by a finite Morse trajectory on Lo
resp. L9, and all other edges are represented by a finite Morse trajectory on Loj X pr, Li2.

e The root vertex is represented by a figure eight or squashed eight with a marked point at
the singularity, to which an outgoing Morse edge is attached, i.e. a half-infinite trajectory
in Lo1 X s, L12 ending at a Morse critical point.

e Disks and squashed eights are constant only if the vertex has valence > 3. Figure eights
are constant only if the vertex has valence > 2.

Once such operations are defined, (3.36) identifies (up to chain homotopy equivalence) the
quilted Floer chain complexes

CF (Lo, Lo, L12,Ls) ~ CF(Lo, (Lo © L12,bo2), L2),

where the differential on the left hand side is :“%5:1) and the differential on the right hand

side is the twisted differential Gy, := Zkzo “zzlsk=0)< — | b2, - - -, bo2). Here the right hand side
treats Loy o Lq2 as an immersion. If this is an embedding then the right hand side is the Floer
chain complex of the Lagrangian LgjoL1p C My X M, twisted by the Morse cochain bpz. An
example of a contribution to the twisted Floer differential is Figure 3-2 without the middle
tree. This result is meaningful if the cyclic Lagrangian correspondence Lo, Lo1, L12, L2 is

naturally unobstructed in the sense that the differential 0 = #(15=1) satisfies 82 = 0. In

particular, it asserts that the twisted differential on the right hand side satisfies 8,302 = 0.
To understand more intrinsically why the twisted differential squares to zero, we need to go
into the Ay algebra.

Remark on A, terminology: In the upcoming sections, we will denote by (/J'gl)d>0’

(,u‘liz)d>0, resp. (ug2)d>0 the curved Aoo-algebras associated to Loy, Lia, resp. Loi o Lia,
constructed on Morse chain complezes as outlined in Remark 8.4.8. If working with the

19 When the composition Lo; o Li2 is embedded, we expect “Hsk:o) to agree with the A -structure map
CF(Lo1 o L1z, Lo x L2) ® CF(Loy 0 L12, Loy o L12)®* — CF(Lo1 0 L12, Lo x L2) on Fuk(My x Mz).
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Figure 3-3: The expected boundary strata of a figure eight moduli space explain various
algebraic identities in Remark 3.4.4. If contributions from disk bubbles on L, L2 can be
excluded (i.e. ud; = pfy = 0) then the element bpz € CM (L1 Xu, Li2) should solve the
Maurer—Cartan equation for Lg; o Lia. For monotone, embedded composition, the figure
eight bubbles can be excluded to explain the identity nr,, + nr,, = NLg oL, between disk
counts.

latter, we will usually assume that Loy o Lo is embedded, though there are extensions to
multiply covered and even cleanly immersed cases, as outlined in Remark 1.2.2.

Moreover, we will callb € CF(L,L) a bounding cochain for the Lagrangian L if it sat-
isfies the Maurer—Cartan equation S oo pe(b, ...,b) = 0. When a quilted Floer differential
is twisted by bounding cochains for each Lagrangian correspondence, it will square to zero.
It is however also possible that twisting with more general cochains yields a chain complez.

Remark 3.4.4. The vanishing 8?02 = 0 generally follows from the identification of differentials
0 = 0O,, in (3.36) together with the assumption 02 = 0. In more special cases we expect this
to be a consequence of bog € CF (Lo oL12, Lo1oL12) being a bounding cochain, i.e. satisfying
the Maurer—Cartan equation Y o- pds(boz, - - -, boz) = 0. (Here we assume Loj 0 L2 to be an
embedded composition, though this remark should extend to the cleanly-immersed setting.)
This should follow from a cobordism argument illustrated in Figure 3.4.4: Consider the
1-dimensional moduli space of figure eight quilts between Lg; and L2, with a half-infinite
outgoing Morse trajectory on Lo X, Li2 attached to its singularity. Extrapolating from
the boundary analysis in §§3.4.2-3.4.3, we expect the 0-dimensional boundary strata to come
in two types:

e Some strata are given by squashed eights with seam in Lg; X p7, L12, with one outgoing
half-infinite Morse trajectory on Loi X as, L12 attached to the singularity, and d > 0
figure eight bubbles attached to the seam via once-broken Morse trajectories on Loi.
The formal sum over the limiting critical points of the outgoing trajectories of such
isolated solutions yields ,ugz(bgg, .oy bo2).

e The remaining strata are given by figure eights with one outgoing half-infinite Morse
trajectory attached to the singularity, and a disk bubble mapping to
(M,” X M1, Ly(g41y) for either & = 0 or k = 1 attached to the Ly (x1)-seam via
a once-broken Morse trajectory on Ly 1). The formal sum over the limiting critical
points of such isolated solutions yields C?(|ud;) resp. C?(ufy|) when k = 0 resp. k = 1,
where C? is the curved A.o-bifunctor whose blueprint we sketched in Chapter 1.
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As boundaries of a 1-dimensional moduli space, the algebraic contributions of these boundary
strata should sum to zero. (In fact, this equation is also a formal consequence of the curved
Aso-bifunctor relations satisfied by C2.) In the special case ud; = ud, = 0 (i.e. when there
are no disk bubbles on Lgy; or Ljz, or their contributions cancel) this yields the expected
Maurer—Cartan equation ;5 pdy(bog, - - -, bo2) = 0.

This also illuminates an identity between disk counts noted in [WeWol, Remark 2.2.3]:
Working with monotone orientable Lagrangians and embedded composition, one expects
both differentials 05 := ”%6>0) and 0y := u(15=0) to square to multiples of the identity,
0% = wsid resp. 82 = woid, with ws = npy+nre, +nL, +nLy TESP. Wo = MLy +NLgoLiy + 1L,
given by sums of counts ny, of Maslov index 2 disks through a generic point on the Lagrangian
L. Arguing by strip shrinking identifying the differentials, [WeWo1] concluded ws = wp and
hence nr,, + Nr, = NLgoL,- This identity can now also be seen directly from the above
cobordism argument: Monotonicity excludes nonconstant figure eight bubbles, which reduces
the boundary strata on the right hand side of Figure 3.4.4 to the first and last two types,
corresponding to Ny 01,, and nr,,, nL,,, respectively.

Next, we relax the unobstructedness to the assumption that the Lagrangians
Lo, Lo1, L12, Ly are equipped with cochains b = (bo, bo1, b12, b2) so that the twisted differen-
tial 9y (which arises from adding marked points labeled with bg, bo1, b12, resp. by to the 6 =1
quilted Floer trajectories) satisfies 63 = 0. Then we may add these cochains to the previ-
ous strip-shrinking moduli space as incoming Morse edges whose starting points represent
bo, bo1, b12, resp. by and whose endpoints correspond to marked points on the seams labeled
Lo, Lo1, L12, resp. Ly anywhere on the quilted Floer trajectory or the attached bubble trees.
Then an analogous cobordism argument yields a chain homotopy equivalence

CF((Lo,bo), (Lo1, b1 ), (L12, b12), (L2,b2)) =~ CF((Lo,bo), (Lot © L12, Zk,ezob’é'g‘), (L2, b2)),

where the Morse cochains blglf € CF(Lo1 o Lyg, Loy o L12) are obtained by adding incoming

Morse edges to the figure eight bubble trees that define bgy =: b8|20. More precisely, we
attach k incoming Morse edges representing bjo € CF(Ljg, L12) to the Lis seams anywhere
on the bubble tree, and we attach ¢ incoming Morse edges representing bg; to the Ly; seams.
Figure 3-2 provides an example of figure eight contributions to the twisted Floer differential
for the composed Lagrangian correspondences on the right-hand side of the equivalence.
This demonstrates, as advertised in the introduction, that the isomorphism of quilted
Floer homologies (2.1) should generalize in a straightforward fashion to the nonmonotone,

cleanly-immersed case as isomorphism of quilted Floer homologies with twisted differentials,
HF( vy (Lm, b01), (L12, blz), .. ) >~ HF(. . (L01 o L12, 8(b01, blg)), . .),

in which the cochain 8(bg;, b12) for the composed Lagrangian is obtained from moduli spaces
of figure eight bubble trees with inputs bg; and by2. In particular, the cochain 8(0,0) = by
in (3.37) for vanishing inputs is a generally nonzero count of figure eight bubbles.

Remark 3.4.5. The cobordism argument in Remark 3.4.4 can be adapated to the situation
that Lo;, L2 are equipped with bounding cochains bg; € CF(Loi, Lo1), b1z € CF (L2, L12):
This time, for every k,¢ > 0 we consider 1-dimensional moduli spaces of figure eight quilts
with one outgoing half-infinite Morse trajectory attached to the singularity, and k resp.
¢ incoming half-infinite Morse trajectories attached to the Lg;-seam resp. the Lio-seam.
The algebraic contributions of the boundary strata with incoming Morse critical points
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representing bo; and bjo should sum to zero. Summing over all k,¢ > 0, we obtain the
expected equation

S ublbes . b

k820 ky+-+kq=k,

b=t
Z Z Cz(blz, b12 I bOl, . b01,u01(b01, bOl),bOI,”-,bOl)
k,£>0 a+d<k P Z
+>0> 02(b12, b1z, i (bia, -, b12), bia, - -, b | @01,~--,bml>-
k020 a-+d<t e @ *

The right side vanishes, after a reorganization, by the Maurer—Cartan equations for by; and
bi2. Then a reorganization of the left side yields the expected Maurer—Cartan equation for
Loy o Ly,

Z Hoz (Zk e>ob02 ) Zk e>0b )

d>0
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Appendix A

Removal of singularity for cleanly
intersecting Lagrangians

In this appendix, we sketch a proof of removal of singularity for a holomorphic curve satis-
fying a generalized Lagrangian boundary condition in an immersed Lagrangian with locally-
clean self-intersection. We emphasize that this is not a new result, see e.g. [Abb, CiEkLa,
Fr, IvSh, Sc|. We have included the following proposition in this paper because our methods
allow us to give a short proof.

This removal of singularity will be stated for maps u with Lagrangian boundary condi-
tions lifting to paths v, ~":

u: (B(0,1) NH)~\{0} = M, v (=1,0) = L, v:(0,1) = L, (A1)
¢ () =uls,0),  ely(s)) =u(s,0) Vs €(-1,0),s€(0,1),
Osu + J(s,t,u)0u = 0, E(u) = fu*w < oo,

where (M, w) is a closed symplectic manifold, p: L — M and ¢': L’ — M’ are Lagrangian
immersions with L, L’ closed, and J is an almost complex structure J: B(0,1) NH —
J(M,w). We will assume that ¢(L), ¢'(L’) intersect locally cleanly, which means that there
are finite covers L = Ule Uy, L' = £=1 U] such that ¢ resp. ¢’ restrict to an embedding
on each U; resp. Uj, and ¢(U;), ¢'(Uj) intersect cleanly for all 4, 5.

Proposition A.0.6. If u,v,v satisfy (A.1), then u extends continuously to 0.

Sketch proof of Proposition A.0.6. The first part of the proof of [AbbHo, Theorem 7.3.1]
yields a uniform gradient bound on u in cylindrical coordinates near the puncture. We must
make a minor modification due to the fact that the Lagrangians defining our boundary
conditions are immersed, not embedded: Recall that the uniform gradient bound in cylin-
drical coordinates is established in [AbbHo] by assuming that there is a sequence ((sg, tx)) C
(—00,0] x [0, 3] so that lim_,c0 [du(sk, tx)| = 0o, which necessarily has s, — —oco. Rescaling
at the points (s, tx) yields a sequence of maps that converges in C. to a nonconstant map
on either R? or +H, which contradicts the finiteness of the energy. To adapt this proof to
our situation, let 6 be a Lebesgue number for L = (J¥_, U; and L' = |J._, U/. That is, if
A is a subset of L (resp. of L') with diam A < §, then A C U; (resp. A C Uj) for some
i. Now rescale at the points (sg,tx) as in [AbbHo|, but restrict the resulting maps to the
intersection of B(0, %6) with their domain. The gradient bound on these rescaled maps and
our choice of § allows us to pass to a subsequence so that for some i, j, all the rescaled maps
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have boundary values in 7(U;) or 7/(U;). A further subsequence converges in Cfs,, so we get
a contradiction and therefore a uniform bound on [Vu} in cylindrical coordinates.

The analogue of Lemma 2.1.3 holds in this setting; the proof is the same as for Lemma 2.1.3
but simpler. As in the first paragraph, some care must be taken with the immersed La-
grangians.

The analogue of Lemma 2.1.8 holds in this setting, though the proof must be modified.
Specifically, the domains Up, U1, Ua, Us used in the proof of that lemma must be replaced by
the domain B(0,1) N H.

A slight modification of the proof of Theorem 2.1.2 establishes Proposition A.0.6. [
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Appendix B

Examples of figure eight bubbles (in
collaboration with Felix Schméaschke)

In this section we provide some examples of figure eight bubbles. Our first, previously
known, examples show that classical holomorphic discs and holomorphic strips give rise to
figure eight bubbles, which naturally appear in the strip shrinking limit of Theorem 3.3.1 in
case M; or both of My, My are points. Of course, in that case, strip shrinking is not needed
to identify the respective moduli spaces.

Ezample B.0.7. Let My and Mj each be a point, let M; be any symplectic manifold that is
either compact or satisfies the boundedness assumptions of Remark 3.3.4, and let L, L' C M,
be any two compact Lagrangian submanifolds. Then a Ji-holomorphic strip uy: [~1,1] X
R — M; with boundary conditions

u1(=1,t) € L, ui(l,t) e L' Vte R

gives rise to a figure eight bubble in the sense of Definition 3.2.5 by setting up := const =: ug.
Such bubbles are generally sheet-switching, unless u; is a self-connecting Floer trajectory.

Here the correspondences {pt} x L and L’ x {pt} have immersed composition if and only
if the Lagrangians intersect transversely in Mj. This bubble type in fact appears in the strip
shrinking that relates the quilted Floer trajectories for ({pt}, {pt} x L, L’ x {pt}, {pt}) and
({pt}, ({pt} x L) o (L’ x {pt}),{pt}). The first are easily identified with the Floer strips
for (L, L'). The latter are pairs of strips in My and My, hence there only is one constant
trajectory. All nontrivial Floer trajectories result in a single figure eight bubble on this
constant trajectory. This demonstrates that figure eight bubbling must be reckoned with,
even when only considering isolated Floer trajectories.

All following next figure eight bubbles will be constructed as tuples of maps from the
following Riemann surfaces with boundary:

Yo={weC| |lw+1| <1}\{0}, Yo={weC| |w-1] < 1}{0},
Y1={weC| |lw+1]>21,|lw—-1] >1}~{0}.
Each of these surfaces is equipped with the complex structure induced by the inclusion into
C, and we will ensure that the maps on ¥; extend smoothly to co € CP! = C U {o0}.

The coincidence of boundary components in C then induces seams between the surfaces
and thus defines a quilted surface with total space CP'~\{0}. It can be identified, by a
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biholomorphism CP!\ {0} = C~{oco}, with the quilted surface underlying the figure eight
bubbles in Definition 3.2.5.

Ezample B.0.8. Let M; be a point, let Mg, M2 be any two symplectic manifolds that are
either compact or satisfy our boundedness assumptions, and let L C Mgy and L' C My
be any two compact Lagrangian submanifolds. Given two punctured holomorphic discs
ug: Lo — My, ug: Lo — My with ug(8%9) C L, ug(0X3) C L', we obtain a figure eight by
setting u; := const.

Here the correspondences L x {pt} and {pt} x L’ always have embedded composition
L x L' C My x My. The singularity in these figure eight bubble is already removed by our
construction, and for other bubbles of this type can be removed by the standard result for
punctured disks, yielding a pair of disk bubbles on L and L’. These could occur in the strip
shrinking that, for further Lagrangians Lo C My and Ly C Ma, relates the quilted Floer
trajectories for (Lo, L x {pt},{pt} x L', Lg) and (Lo, L x L', Ly). However, these moduli
spaces also have an elementary identification, so this type of figure eight bubbling just is an
expression of the fact that the moduli space has boundary components where disk bubbles
appear at the same R coordinate on different seams. Actual boundary, rather than corners,
correspond to one of the disk bubbles being constant.

For the final, more nontrivial example, CP" will denote the complex projective space
equipped with its standard complex structure and with Kéhler form wcpr associated to the
Fubini-Study metric.

Ezample B.0.9. Consider the S'-action on CP? given by u  [20 : 21 : 22 : 23] = [uzp : uzy :
ulzg s ulz3) for any u € {z € C : |z| = 1} = S!. This is a Hamiltonian S'-action with
Hamiltionian
_ 1zl +)af® = |2)® = |2sf

220> + |2a* + | 22f* + |2a]”
Symplectic reduction at regular values generally gives rise to Lagrangian correspondences,
see [WeWo4, Example 2.0.2(e)]. In this case, reduction at 0 yields a Lagrangian correspon-
dence between My = My := CP3 and M; := CP! x CP!, equipped with the symplectic
structure w := wepr @ wept. Indeed, the level set of the moment map is

pu(lzo: 21t 200 23]) ¢

p~H0) = {[zo t 21t 200 23] € CPP | 202 + |2 )® = |22)® + |Z3|2}

and the quotient map m: u~1(0) — My//S' = CP! x CP! is given by [z : 21 : 29 : 23] —
([20 : 21], [#2 : 23]). With the inclusion ¢: u~1(0) — CP?, this gives rise to Lagrangian sub-
manifolds Loy := (¢ x 7)(u~1(0)) € My x M; and Ly := (7 x o)(p~1(0)) € M x M.
Both are diffeomorphic to S3 x S2, hence simply connected; therefore Ly, and Lo are mono-
tone, with the same monotonicity constant as My x Mj resp. M] x My. The geometric
composition is

Loio Liz = {(Z0,22) € u™1(0) x p~1(0) | m(2Z0) = m(Z2)} C CP® x CP?,

and is embedded since 7 is a surjection and determines 7(Zg) = w(Z2) € Mj uniquely.

Now a general idea for constructing figure eight bubbles applies to this case. The holo-
morphic map C — C4,w — (w — 1,w + 1,w? — 1,1) induces holomorphic maps to both
CP! x CP! and CP?, and on the seams {|w + 1| = 1} C C the latter takes values in x~1(0).
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Hence the following triple (ug, u1,u2) defines a nonconstant figure eight bubble,

ug: Lo — CP3, w [w—1:w+1:w?—-1:1],
up: ¥ — CP! x CP!, we (w—1:w+1],[w?-1:1]),
ug: Lo — CP3, w [w—1:w+1:w?-1:1].

Note here that u; extends continuously to co € CP! since [w — 1 : w+ 1] = [1 : 1] and
[w?—1:1] = [1:0] as w = co. Moreover, all maps extend smoothly to 0 € C — an
example of a removable singularity.

This figure eight bubble could occur in the strip shrinking that, for further Lagrangians
Lo,Ly C CP? relates the quilted Floer trajectories for (LO,L01,L12,L2) and (LO,L01 o
Lo, Lg). In particular, if both Lo, Ly are monotone and so-called “transverse lifts” of La-
grangians £o,fo C CP! x CP!, i.e. L; h p~1(0) and 7: L; N u~1(0) — ¢; is bijective, then
the above figure eight bubble could be an obstruction to the identification of the Floer ho-
mologies HF(EO,ZQ) = HF(L(),LOl,L12,L2) in (C]Pl X C]P’l and HF(LO X Lg,Lm o] L12) in
(CP3)~ x CP3. ‘
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